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A B S T R A C T
TH EO R ETIC A L M EC H A N ISM S FOR SOLAR E R U PT IO N S
by 
Jun Lin
U n iv e rs ity  o f  N e w  H am psh ire . Septem ber, 2001
T h is  thesis presents new th e o re tica l m odels o f  so la r e rup tions  w h ich  are derived fro m  
o lder m odels th a t in vo lve  a loss o f  e q u ilib r iu m  o f  the  S un 's coronal m a g n e tic  fie ld. These 
models consist o f a m agne tic  f lu x  rope nested w ith in  an arcade o f  m agnetic  loop . P r io r  to  an 
e ru p tio n , the  flu x  rope floa ts  in  the co ro n a  under a balance between m a g n e tic  com pression 
and tens ion  forces. W hen  an e ru p tio n  occurs, the  m agne tic  com pression exceeds the m ag­
netic tens ion  and causes the  flu x  rope to  be th ro w n  ou tw a rd s , away fro m  th e  Sun. T h re e  
im p o r ta n t facto rs  w h ich  im p a c t the occurrence  and e vo lu tio n  o f  the e ru p tiv e  processes are  
inves tiga te d . These fa c to rs  are m agne tic  reconnection, new em erging f lu x ,  and the la rge  
scale c u rv a tu re  o f  the  f lu x  rope.
F irs t ,  o u r new resu lts  con firm  th a t  in  th e  absence o f  reconnection, m a g n e tic  tension in  
tw o -d im ens iona l co n fig u ra tio n  is a lw ays s tro n g  enough to  prevent escape o f  th e  flu x  rope to  
in f in ity  a fte r  i t  e rup ts . However, o n ly  a re la tive ly  sm a ll reconnection ra te  is needed to  a llo w  
the  f lu x  rope to  escape to  in f in ity . S pec ifica lly , fo r  a co rona l density  m ode l th a t  decreases 
e x p o n e n tia lly  w ith  he igh t we fin d  th a t  average A lfve n  M ach  num ber M a  fo r  the  in flow  in to  
the reconnection s ite  can be as sm a ll as M a =  0.005 and s t i l l  be fa s t enough to  g ive  a 
p lausib le  e ru p tio n . T h e  best f i t  to  obse rva tions is ob ta ine d  by assum ing an  in flo w  ra te  on 
the  o rd e r o f  M a ~  0.1.
Second, we have fo u n d  th a t  the  em ergence o f  new f lu x  system  in th e  v ic in ity  o f a p re -
x x
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ex is ting  f lu x  rope can cause a loss o f  id e a l-M H D  e q u ilib r iu m  under c e rta in  c ircum stances. 
B u t th e  c ircum stances w h ich  lead to  e ru p tio n  are m uch richer and m ore  com p lica ted  th a n  
com m on ly  described in  th e  e x is tin g  lite ra tu re s . O u r m odel results suggest th a t the  a c tu a l 
c ircum stances leading to  an e ru p tio n  are sensitive, no t o n ly  to  the  p o la r ity  o f  the  em erg ing 
region, b u t to  several o th e r  param eters, such as its  s tre n g th , d is tance , and area as w ell. 
T he  resu lts  also in d ica te  th a t  in  general there  is no s im p le , un iversa l re la tio n  between the 
o rie n ta tio n  o f  the  em erg ing  f lu x  and the  like lihood  o f  an e ru p tio n .
F in a lly , o u r  research shows th a t  the  large-scale cu rva tu re  o f  a f lu x  rope increases the  
m agnetic com pression and  helps prope l i t  ou tw ards . W e also find  th a t  th e  m ax im um  to ta l 
m agnetic energy w h ich  can be s tored in o u r model before e q u ilib r iu m  is lo s t is 1.53 tim es 
the  energy o f  the p o te n tia l f ie ld , w h ich is consistent w ith  the  th e o re tic a l l im it ,  1.662, fo r 
the fu lly  opened field p red ic ted  by Aly  [1991] and Sturrock  [1991].
xxx
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Chapter 1
Introduction
T he  Sun. o u r s ta r, is th e  m ost im p o r ta n t o b je c t in th e  heavens fo r  us. I t  susta ins a lm ost 
a ll o f  the  life  on the  E a rth  and im pacts  m any  aspects o f  o u r  d a ily  life . A lso  as ou r nearest 
s ta r, the  Sun offers a un ique  o p p o rtu n ity  to  s tu d y  s te lla r  physics in  ac tion .
A n  e ru p tive  so la r fla re  is the m ost v io le n t energy release process w hich occurs in  the  
so la r system . A  m a jo r  e ru p tio n  usua lly  releases m ore th a n  1032 ergs o f  energy and ejects 
m ore than  1016 gram s o f  mass in to  p la n e ta ry  space. Some o f th is  mass in the fo rm  o f 
energetic pa rtic les  w ith  energy in the range o f 10 keV  to  1 G e V  can seriously dam age 
sa te llites  as well as d is ru p t g round com m un ica tions  and power g rid s . T hus, s tu d y in g  so la r 
e rup tions  and unde rs tan d ing  the physics behind them  are o f broad  sc ien tific  and socio­
econom ic sign ificance.
G enera lly, the  ra d ia tiv e  power o u tp u t o f  the Sun is q u ite  stab le  a t 3.86 x  1033 e rg /s . 
T he  power flu c tu a tio n  due to  solar a c t iv ity  is very t in y  com pared to  the  to ta l ra d ia tive  
o u tp u t,  c o n s titu t in g  less than  10-4  o f  th e  to ta l o u tp u t. However, m uch o f  the  o u tp u t due 
to  so la r a c t iv ity  occurs as h ig h ly  energetic ra d ia tio n , so th a t  i f  one looked a t the Sun in  U V  
o r  X -ray , f lu c tu a tio n s  >  10° are seen.
D u rin g  a large e ru p tio n  a huge am oun t o f  energy (up  to  1032 ergs) is released. As a resu lt, 
the  equ iva lent o f  a b o u t 1500 G igaw a tts  o f  e le c tric ity , w h ich  doubles the  power genera ting  
capac ity  o f  the  en tire  U n ite d  States, can be flow ing  in to  th e  E a r th ’s a tm osphere and near 
space env ironm en ts  and w reak havoc on  a  w orld  th a t  has come to  depend on sa te llites ,
1
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2F ig u re  1-1: C om pos ite  image o f  th e  Sun (a t le ft) show ing  a so la r e ru p tio n  in  progress. A t  
r ig h t is an a r t is t ’s sketch o f th e  te r re s tr ia l m agnetosphere be ing im pacted  by so la r e jecta. 
D is tances are n o t to  scale.
e le c tr ica l power, and  rad io  co m m u n ica tio n s  (F ig u re  1-1). F o r instance, a series o f flares 
and C M E s  in M a rc h  1989 bom barde d  1500 sa te llite s  w ith  energe tic  pa rtic les  and  X -rays  
fo r  m any  hours. W orse s t il l,  th is  b o m b a rd m e n t led to  a hea ting  o f  the  E a rth  a tm osphere , 
caus ing  i t  to  expand to  such an e x te n t th a t  m any o f  the  sa te llites  slowed dow n and dropped 
several k ilom eters  in  th e ir  o rb it  due  to  th e  increased a tm ospheric  d ra g . T he  so la r panels on 
these sate llites w ere degraded, and m any sa te llites  had th e ir  on board  com pu te rs  severely 
dam aged . In 1994, tw o  C anad ian  sa te llite s  were s h u t down because o f ra d ia tio n  damage 
to  th e ir  e lectron ics, and as a re s u lt, te lephone serv ice  across C anada  was d is ru p te d  fo r 
m o n th s 1.
M is fo rtu n e  can also s tr ik e  s c ie n tific  sa te llites . J a p a n ’s Advanced S a te llite  fo r  C osm ology 
and A strophys ics  (A S C A ) was b a d ly  dam aged by an e ru p tio n  (specifica lly , a flare-associa ted
l F in d  the  details a t :  h ttp //u m b ra -g sfc .n asa .g o v /so la r .c o n n ec tio n s /re levance.h tm l
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3c o ro n a l mass e je c tio n ) on J u ly  14. '2000. T h is  was an unusua lly  la rg e  event ( th e  k in d  th a t 
occu rs  a b o u t once in  10 years) w ith  an e x tre m e ly  s trong  so la r p ro to n  flu x . D u e  to  th is  
even t, the  E a r th ’s a tm osphere  ra p id ly  expanded, and  the  a tm o sp h e ric  gas d e n s ity  a t the  
A S C A  a lt itu d e  sudden ly  increased to  several tim es its  norm al va lue . The  o r b it  o f  A S C A  
was th u s  a lte red , th e  b a tte ry  ce lls  were unrecoverab ly  damaged, a n d  th e  s a te llite  was forced 
to  s to p  its  n o rm a l observa tions2.
H ig h  energy pa rtic les  and em issions fro m  so la r e rup tions  can a lso change th e  a lt itu d e  
o f  E a r th ’s ionosphere and in te rfe re  w ith  rad io  s igna ls. In M a rch  19S9, lis tene rs  in  M in ­
neso ta  repo rted  th a t  th e y  cou ld  n o t hear th e ir  loca l rad io  s ta tio n , b u t th a t th e y  co u ld  hear 
b roadcasts  o f  th e  C a lifo rn ia  H ig h w a y  P a tro l (m ore  th a n  2000 km  a w a y ). In e x tre m e  cases, 
so la r e ru p tio n s  can co m p le te ly  w ipe  o u t rad io  com m un ica tion  a ro u n d  the E a r th ’s N o rth  
and  S ou th  Poles fo r  hours up to  days.
S o la r e ru p tio n s  can genera te  m agne tic  s to rm s w ith in  the E a r th ’s m agnetosphere th a t 
a ffe c t th e  s tre n g th  o f  E a r th ’s m a g n e tic  fie ld . Changes in  m agnetic fie lds  can p ro d u ce  induc­
t iv e  surges in pow er lines and s tro n g  e lec tric  c u rre n ts  in gas and p ipe lines th a t  can cause 
p ipe line s  to  co rro d e  and d e te r io ra te  fa s te r th a n  th e y  would n a tu ra lly . In pow er lines, the  
e x tra  induced c u rre n t can b u rn  o u t tra n s fo rm e rs  lead ing  to  b ro w n o u ts  and b la cko u ts . D u r­
in g  th e  M arch  1989 s to rm , a tra n s fo rm e r burned up  a t a power p la n t in N ew  Jersey, and 
a  w ho le  su b s ta tio n  o f  tra n s fo rm e rs  was b low n o u t a t a power s ta t io n  in  Q uebec, C anada, 
le a v in g  6 m illio n  people in  b o th  C anada  and the  US (inc lud ing  N ew  H am psh ire ) w ith o u t 
e le c tr ic ity  fo r  hours, some fo r  m o n th s3.
T h e re  are m any  k inds o f  d is ru p t iv e  processes w h ich  are o ften  observed on th e  Sun, such
2M ore details can  b e  found a t :  h ttp ://a sca .g sfc .n c isa .g o v /d o cs /a sc a /sa fem o d e .h tm l
3F in d  th e  details a t :  h ttp ://w w w .m p e le c tr ic .c o m /s to rm s
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as surges, X -ra y  je ts ,  sprays, fla res, prom inence d is rup tions , and coronal mass ejections 
(C M E s ). A  surge is a sm all scale (<  104 k m ), low  speed e jection  o f coo l ( «  104 K ) 
chrom ospheric m a te r ia l-  They ty p ic a lly  o rig in a te  near sunspot pneum brae [ Giovanelli and  
McCabe 1958] o r near m agnetic  p o la r ity  reversal lines [Rust 1968]. T h e ir  ve lo c ity  varies from  
100 to  "200 km /s , and  in  most cases, th e y  are accom panied by a sm a ll flare o r  chrom ospheric 
b rig h te n in g . O bse rva tions show th a t  surges gene ra lly  e ithe r tra v e l along a m agnetic  loop  
o r  an extended fie ld  line  fo r a s h o rt d istance before fa llin g  back to  the Sun [Rust et al. 
1980 and Gu et al. 1994]. Some surges show he lica l m otions [Gu et al. 1994] ind ica tive  o f  
tw is te d  m agnetic fie ld  lines [Canfield et al. 1996]- Surges are genera lly  observed in  the H a  
and o th e r B a lm er lines o f  hydrogen. T h e y  have been studied fo r m ore than  a  h a lf cen tu ry  
(see Roy [1973a, b ]) . A n o th e r e jec tion  th a t is o fte n  observed in H a  is the  spray. A  spray 
d iffe rs  fro m  a surge in  th a t i t  does n o t fa ll back to  th e  Sun in H a  movies. T h is  im plies th a t 
e ith e r the  sprays do  escape from  th e  Sun o r th e y  fa ll back to  a p o in t when th e y  are no longer 
v is ib le  in  H a . A c c o rd in g  to  the  m o tio n  p a tte rn s  o f  sprays, however, the f irs t  p ro b a b ility  
is m ore like ly  to  be tru e , because sprays are o fte n  observed a t ve ry  high speed, frequen tly  
exceeding the v e lo c ity  o f  escape. C o n tra s tin g  w ith  surges, m a tte r in  sprays appears no t to  
be conta ined by th e  m agnetic  fie ld  in  na rrow -band  observations, b u t to  fly  o u t in  fragm ents 
[H  aruu'cfc 1957; and Z irin  1966]. These features a re  m ore like those o f  e ru p tive  filam en ts o r 
co rona l mass e jections.
H o t (106 K ) X -ra y s  je ts  were f ir s t  c learly  observed by the S o ft X -ra y  Telescope (S X T ) 
on board  the Yohkoh sa te llite  [Tsuneta et al. 1991]. T h e y  appear as th in  extended features 
w ith  lengths v a ry in g  fro m  5 x l0 3 to  m ore than  3 x l 0 3 km  w ith  p lasm a flows in  the  range o f 
30 to  300 km /s . A lm o s t a ll o f  th e m  are associated w ith  sm all flares in  X -ra y  b r ig h t points, 
em erg ing flu x  reg ions, and ac tive  regions. Som e je ts  show m o tio n  pe rpend icu la r to  the
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5e longa ting  d ire c tio n  [Shibata et al. 1992; Shibata et al. 1994; and Shim ojo  1994]. X - ra y  je ts  
are o fte n  accom panied by H a  surges. Canfield et al. [1996] investiga ted nine such events, 
observed s im u ltaneou s ly  as X -ra y  je ts  and H a  surges th a t  were associated w ith  m o v in g  
m agne tic  bipoles. T h e ir  w o rk  ind ica tes  th a t b o th  X -ra y  je ts  and H a  surges are the  h igh 
and low  te m p e ra tu re  com pos itions  o f  o u tf lo w  p lasm a m ost lik e ly  produced by the m agne tic  
reconnection  o f  o p p o s ite ly  d irected  fie lds forced toge the r by  the  m o tion  o f  the  b ipoles.
B o th  H a  surges and X -ra y  je ts  are low  energy phenom ena and do  n o t have any  large 
scale s ign ificance, n o r do  they have any im p a c t on the  E a rth  o r its  near space e n v iro n ­
m ent. Those phenom ena th a t can im p a c t th e  e n v iro n m e n t around th e  E a rth  are sprays, 
flares, prom inence d is ru p tio n s , and co rona l mass e jections (C M E s). Nowadays, the  sp ray  
is considered to  be essentia lly  the  coo l te m p e ra tu re  p a rt o f  C M E s ra th e r than  a separa te  
phenom enon (see R ust et al. [1980]).
T h e  so la r flare is the  firs t type  o f  so la r e ru p tio n  ever to  be discovered and re po rted  in 
the sc ie n tific  lite ra tu re  [ Carrington  1859 and Hodgson 1859]. Since th e ir  discovery, so la r 
flares have been s tud ied  fo r m ore th a n  one and a h a lf cen tu ries. In  th e  next cha p te r, we 
consider th e  flare phenom enon in  m ore  d e ta il and discuss its  role in so la r e rup tions .
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Chapter 2
History of Research on Solar 
Eruptions
The f irs t  ty p e  o f so la r e ru p tive  phenom enon to  be observed was the  fla re . A s  we w ill discuss 
below in  m ore  d e ta il, a  fla re  is a sudden  b r ig h te n in g  o f  em ission fro m  th e  localized region 
on the  surface o f th e  Sun (the  fla re  r ib b o n s ), and in  the  co rona l region above them  (the  
flare loops). W ith  th e  deve lopm ent o f  new techniques, i t  has g ra d u a lly  become apparen t 
th a t the  surface fla re  is o ften  ju s t  a  seconda ry e ffect o f  a genera l d is ru p tio n  o f  the  coronal 
m agnetic  fie ld  th a t accom panies th e  e ru p tio n  o f  prom inences and C M E s.
2.1 E arly Y ears o f  F lare R esearch
As Carrington  [1859] was engaged in  h is d a ily  sunspo t d ra w in g  in  the  a fte rnoon  o f  Septem ber 
1, 1859, he noticed the  sudden appearance o f  sm a ll b r ig h t patches in  the  reg ion between the 
spots (F ig u re  2 -1). A f te r  co n firm in g  th a t  those patches were n o t caused by s tra y  lig h t, he 
ran to  fin d  someone to  v e r ify  the o b se rva tio n  and  when he re tu rn e d  "w ith in  60 seconds” , he 
was m o rtif ie d  to  fin d  th a t  the  patches had a lready  changed a lo t  and were g re a tly  enfeebled. 
F o rtu n a te ly , his observa tion  was in d e p e n d e n tly  con firm ed  by Hodgson [1859], an am a teu r 
as tronom er w ho was observ ing  a t a  separa te  s ite . W h a t Carrington  saw was a ra re  w h ite - 
lig h t fla re  (m ost fla res are v is ib le  o n ly  w ith  the  use o f  specia l f i lte rs )  and  i t  was followed, 
some seventeen hours la te r , by a huge m agne tic  s to rm  and b r i l l ia n t  a u ro ra  th a t  could be
6
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seen as fa r  sou th  as H o n o lu lu , 21° fro m  th e  m agnetic e q u a to r [Kimball I9 6 0 ]. Carrington 
[1859] h e s ita te ly  suggested th a t  the fla re  and  the  s to rm  were re la ted since he had no way o f  
kn o w in g  w h e th e r th e ir  close association in  t im e  m ig h t ju s t  be a co-incidence. Seventy-e ight 
years la te r , Bartels  [1937] established th a t  Carrington’s suggestion was co rrec t.
A lth o u g h  the  firs t so la r fla re  observed was a w h ite - lig h t fla re  (i.e . de tec tab le  in the  
co n tin u u m  o f  the  so lar sp e c tru m ), m ost flares tra d it io n a lly  are o n ly  v is ib le  when filte rs  are 
used to  b lock the  lig h t e m itte d  from  th e  photosphere in  o rd e r to  see the  line  em ission th a t 
o rig in a te s  in  th e  chrom osphere. The  m os t im p o rta n t line  fo r  fla re  observa tions is th a t o f 
the n =  3 — n  =  2 tra n s it io n  in  the  B a lm e r series, i.e ., H o . T h is  is w h y  m ost fla re  images 
are taken  in  H a . However, fla re  associated emissions a c tu a lly  occu r over a ve ry  broad range 
o f w a ve leng th : from  0.002 A fo r  7 -ra y  em issions up to  m ore  th a n  10 km  fo r ra d io  emissions.
B e fo re  Hale [1892] inven ted  the spectrohe liog raph , a  device to  im age the  Sun in  Hcv, flares 
could be observed on ly  in  w h ite - lig h t. D u e  to  the ra r i ty  o f  w h ite - lig h t flares and , more to  
the  p o in t, to  the  lack o f  an in s tru m e n t th a t  could e ffic ie n tly  im age flares in  th e  narrow  
em ission lines in  which th e y  are m ost p ro m in e n t, th e  progress in fla re  physics fo llow ing  
C a r r in g to n ’s observations was slow.
2.2 F lare O bservations in  H a
A fte r  th e  in ve n tio n  o f  th e  spec trohe lio g raph  [Hale 1929], know ledge o f  fla res and th e ir 
re la tionsh ip s  w ith  o th e r e ru p tive  phenom ena accum ula ted  ra p id ly . M cMath et al. [1937] 
repo rted  a fla re  associated w ith  an e ru p tin g  prom inence m ov ing  o u tw a rd  a t a speed o f  about 
700 k m /s  — g rea te r than  th e  so la r escape ve loc ity , and v is ib le  to  a d is tance o f  a b o u t 106  km . 
In o th e r  events, ve locities range from  400 k m /s  to  1400 k m /s  [e.g., Dodson and McMath 
1952; Reid  1959; and Valnicek 1962],
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
8F igu re  2 -1 : T he  firs t repo rted  flare, on Septem ber 1 , 1859, observed by C a rr in g to n  in  w h ite  
lig h t. T h e  fla re  is the p a ir  o f  crescent-shaped objects labeled A  and B . T h e  cause o f  w h ite - 
lig h t fla re  lasted fo r ju s t  a few  m inutes, and the ribbons  m ig ra ted  to  pos itions C and D  
before fa d in g  fro m  the v iew . T h e  da rk  reg ions in  the sketch are sunspots ( fro m  Svestka and  
Cliver [1992]).
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O n the  so la r d isk , the  spectrohelioscope sees fla res as b r ig h t r ibbons  in H o  th a t  usua lly  
appea r in  pa irs m ov ing  away fro m  one a n o th e r a t  speeds th a t  can be as large as 1 0 0  km /s , 
b u t decreases ove r several hours to  less th a n  1 k m /s  [Dodson 1949; Dodson and Hedeman  
1960; Svestka  1962; and Malmlle and Moreton 1963]. F la res  a lm ost a lw ays occur in  regions 
w here the  surface fie ld  is com p lex  [W aldmeier 1938; Giovanelli 1939], and the fla re  ribbons  
are  a lways seen on opposite  sides o f  a m agne tic  p o la r ity  reversal line  [Bumba 1958; and 
Severny  1958].
A ccom pany in g  the  flare r ib b o n s  is a sys tem  o f  fla re -loops w h ich  in it ia l ly  appears a t 
lo w  a lt itu d e  and then  moves upw ard  in to  th e  co rona  in  conso rt w ith  the m o tio n  o f  the 
ribbons  [Moore et al. 1980]. A  classical d e sc rip tio n  o f  fla re  loops as seen in  Har was firs t 
g iven by Bruzek  [1964a], w ho no ted  th a t the  r ib b o n s  essen tia lly  lie a t th e  fo o tp o in ts  o f  the  
loop  system  w h ich  fo rm s an arcade o f  loop. M a n y  subsequent observations in H a , E U V , 
and so ft X -ra ys  have since co n firm e d  his conc lus ions [Bruzek 1964b; Neupert et al. 1974; 
Kahler et al. 1975; Cheng and Widing  1975; Nolte et al. 1979; M artin  1979; Pallavicini 
and Vaiana 1980]. D o p p le r-s h ift m easurem ents also show  th a t  th e  apparen t m o tio n s  o f 
th e  loops and rib b o n s  are n o t caused by mass m o tions  o f  the  p lasm a, bu t ra th e r by  the 
co n tin u a l p ropaga tion  o f  an energy source o n to  new  fie ld  lines [Schmieder et al. 1987]. H igh 
reso lu tion  observa tions have also shown th a t th e  coo ler loops are nested below th e  h o tte r  
ones w ith  the  coo lest loops, w h ich  are seen in  H a , roo ted  a t the  inside edges o f  th e  ribbons  
[Roy 1972; and Rust and Bar  1973]. By c o n tra s t, th e  h o tte s t loops, seen in X -ra y s , are 
roo ted  in  the  o u te r  p o rtio n s  o f  th e  ribbons [Moore et al. 1980].
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2.3 O ther O bservations
The  deve lopm en t o f  advanced techno logy has opened m ore  w indow s fo r  obse rv ing  the  Sun. 
and fla re  research now  ex tends to  a m uch  w id e r range o f  w ave leng ths th a n  ever before.
2.3.1 Radio B u rsts
In  1942, m eterw ave ra d ia t io n  from  th e  S un was recorded fo r  the  f irs t  t im e  w ith  th e  B ritish  
a rm y 's  ra d a r. Because i t  was d u rin g  W o r ld  W a r I I ,  th e  d iscovery  was kept secret and i t  
was n o t u n t i l  1945 th a t  the  firs t w e ll-docum en ted  exa m p le  o f  m eterw ave bu rs ts  and th e ir  
associa tion  w ith  so la r fla res  was pub lished  [Appleton and Hey 1946]. Today, we know  th a t 
the  m e tr ic  com ponen t as w e ll as im pu ls ive  m icrow ave co m p o n e n t o f  ra d io  b u rs t are iden tified  
w ith  th e  fla re  im pu ls ive  phase, and a re  evidence o f  p a r t ic le  acce le ra tion  and p lasm a heating 
[Svestka 1976, Wild 1985: and Suzuki and  Dulk 1985].
2.3.2 E nergetic P article  Events
Some fla res  o r  fla re-associated processes can produce an observable , tra n s ie n t increase in  
cosm ic ra y  f lu x  a t the  surface  o f  the  E a r th  because th e y  p roduce  p ro to n s  w ith  energies in  
excess o f  500 M e V . Such flares are kn o w n  as cosm ic -ray  o r  p ro to n  flares. L ike  w h ite - lig h t 
flares, th e y  are rare. W ith in  the  th ir ty  yea rs  fro m  1942, when th e  f ir s t  cosm ic-ray  flare was 
observed [Forbush 1946], to  1972, o n ly  tw e n ty  such events  were recorded.
P ro to n  flares ty p ic a lly  show all th e  fea tu res  o f m a jo r  flares, such as tw o  b r ig h t ribbons 
in  chrom osphere , and s tro n g  rad io  b u rs ts  o f  various typ e s  ( Ellison et al. [1961]; Sawyer 
[1968]; M artres  [1968]; fo r  a  review  see Svestka  [1968 and  1976]). T ra d it io n a lly , th e  o rig in  o f  
the  ene rge tic  pa rtic les w as ascribed to  som e unknow n process p ro d u c in g  th e  fla re  emissions 
in  Hor and X -ra ys . H ow ever, com parison  o f  d u ra tio n s  o f  so la r energetic  p a rtic le  events
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w ith  th e  d u ra tio n s  o f  associated fla re  emissions raised suspicions abou t a close association 
between the  tw o  [Meyer et al. 1956]. Reames [199*2] has show n th a t v ir tu a l ly  a ll so lar 
energetic  p a rtic les  th a t reach the  E a rth  are crea ted  by F e rm i-type  process o p e ra tin g  a t the  
in te rp la n e ta ry  shock in  fro n t o f  the  C M E  th a t a lw ays accompanies a large fla re .
Besides em issions in  H a , rad io  wavelengths, and energetic pa rtic les , flares also produce 
hard  X -ra y  ( > 1 0  keV) and 7 - ra y  emissions. W h a t gives rise to  these em issions is s t i l l  
unknow n , b u t is genera lly  th o u g h t th a t  they are produced by a class o f energe tic  electrons 
and the p ro tons th a t  bom bard the  so la r surface. T h e y  do not seem to  c o n tr ib u te  s ig n ifica n tly  
to  th e  energetic p a rtic le  popu la tion  th a t  reaches th e  E a rth .
2 .4  O bservations in Space
P r io r  to  1960, so la r flare research relied heav ily  on observations in H a . In  the  1960s, 
o u r know ledge o f  so la r flares increased d ra m a tic a lly  w ith  the O SO  series o f  sa te llites  th a t 
a llowed us fo r th e  f irs t tim e to  s tu d y  in de ta il th e  characte ris tics  o f  flares a t wavelengths 
inaccessible to  ground-based observatories. These observations were soon supplem ented by 
o the rs , such as T D - 1 A  in 197*2, S ky lab  in 1973-1974, and P78-1. O f p a r t ic u la r  in te rest 
were the  d a ta  fro m  S M M  and H in o to r i spacecrafts, w ith  the ir em phasis on th e  h igh-energy 
aspects o f  so la r flares. As the techniques o f pho to g ra p h y  s ta rted  to  be used to  s tu d y  so la r 
flares in  X -ra ys  in  the  1960s (the  f irs t  d irec t pho tog ra ph  o f so la r fla re  in X -ra y  between 3 
and 14 A was ob ta ined  in 1968 d u r in g  a rocket f lig h t [ Vaiana et al. 1968; and Vaiana and 
Giacconi 1969]), fla re physics entered a new era  o f  discoveries.
A lth o u g h  th e  reso lution o f th e  f irs t  X -ra y  pho tog ra ph  o f a fla re  was poo r (approx *20”  
com pared to  ss 1 ”  available to d a y ), th e  general correspondence o f  b r ig h t regions in  X -ra y  
to  b r ig h t regions in  H a  was q u ite  apparen t. A p a r t  from  the b r ig h t regions v is ib le  on the
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surface in  bo th  X -ra y  and  H a . b r ig h t X -ra y  loops were found to  be ly in g  above th e  cooler 
H a  loops. T h is  verified  w h a t had lo n g  been suspected, nam ely th a t  the  fla re  loop  system  
inc ludes ve ry  hot com ponen ts  in  a d d it io n  to  the  coo l (H a )  one observed by g ro u n d  based 
in s tru m e n ts .
2.5  M odels for th e  Form ation  o f  F lare L oops and R ib bon s
In  the  p revious sections, we b rie fly  discussed the progress in  observations o f  so la r flares. In 
th is  section , we take a backw ard lo o k  a t the  h is to rica l progress m ade in unde rs tand ing  the  
physics unde rly ing  th e  phenomena o f  f la re  loops and ribbons.
I t  was known fo r som etim e th a t th e re  was a c o n tin u a l dow n flow  o f  m a te ria l in  th e  cool 
H a  loops th ro u g h o u t th e ir  existence. E a r ly  on, i t  was th o u g h t th is  cou ld  be exp la ined  as a 
condensation o f the h o t co rona l p lasm a due to  a th e rm a l in s ta b ility . However, A7ecre£[196'4] 
e s tim a ted  th a t the to ta l mass de live red  to  the chrom osphere by th is  dow n flow  is a b o u t 1 0 16 
g, w h ich  is a lm ost the  to ta l mass in  th e  w hole corona, so, i t  is d if f ic u lt  to  account fo r  i t  by 
condensation o f corona l m a te ria l [Jefferies and Orrall 1963, 1965a and  b; Kleczek 1963 and 
1964]. T o  make m a tte rs  worse, these es tim a tions  were m ade on the  basis o f H a  observations 
alone. L a te r  on, Pneum an  [1981] in te g ra te d  the de rived  dens ity  in  th e  flare loop system  fo r 
the  J u ly  29, 1973 fla re  us ing  X -ra y  observations. He ob ta ine d  a to ta l mass fo r th a t  event o f
7.5 x  1016 g, and concluded th a t th is  m uch g rea te r mass im p lied  th a t  the  h igher loops are 
never seen in  H a  because they  never coo l below co rona l te m p e ra tu re  [Pneum an and Orrall 
1986]. W e w il l  discuss th is  conclusion la te r  and w ill find  th a t  the  reason we canno t observe 
H a  loop  systems a t h ig h e r a lt itu d e  is because the  m agne tic  fie ld  lines, on w h ich  th e  loops 
are supposed to  lie, undergo  a shrinkage process as th e y  are coo ling  fro m  high te m p e ra tu re  
to  low  tem pe ra tu re  [Suestfca et al. 1987; L in  et al. 1995; and Forbes and Acton  1996].
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R u ling  o u t c o ro n a l condensation  as the  mass su p p ly  means th a t  the  m a te r ia l must 
somehow be supp lied  from  th e  chrom osphere and th a t  a h o t u p flo w  is in v is ib le  in  H a . 
T o  account fo r  th is  upflow , th e  process o f ch rom osphe ric  “ e va p o ra tio n ”  was suggested by 
m any authors [H udson and O hki 1972; Sturrock 1973; Hirayama  1974; Lin and Hudson 
1976; Antiochos and Sturrock 1978; Colgate 1978; and Withbroe 1978]. In th is  process 
chrom ospheric m a te r ia l is heated e ith e r by ene rge tic  p a rtic les  [Sturrock 1973; and Lin  and 
Hudson 1976] o r by th e rm a l co n d u c tio n  a long fie ld  line  fro m  an energy source loca ted  above 
the  fla re  loops [Hirayama 1974; Antiochos and Sturrock  1978; Colgate 1978; and Withbroe
1978].
Carmichael [1968] was the  f ir s t  to  suggest th a t  th e  fla re  loops and ribbons cou ld  be 
understood as a consequence o f  th e  re laxa tion  o f  m agne tic  fie ld  lines s tre tched  by th e  e jection  
o f  p lasm a in to  in te rp la n e ta ry  space. Because th e  fie ld  lines o f  closed m agnetic  loops are 
w ell anchored a t th e ir  fo o tp o in ts  in  the photosphere, th e y  become h ig h ly  extended when 
the  plasm a a t th e  to p  o f  the  lo o p  is ejected d u r in g  an e ru p tio n . T h e  fie ld lines s tre tched  
in  th is  way are sa id  to  be “ open” , and th e n  th e y  re lax  to  fo rm  closed loops th ro u g h  a 
process known as m agnetic  reconnection  (see F ig u re  2 -2 ). M ode ls  o f  th is  process show 
th a t the  reconnection  process a lso releases s u ffic ie n t m agne tic  energy  to  account fo r  the 
rad ia tive  and k in e tic  energy generated d u rin g  an e ru p tio n  (see also Sturrock [1968]; Kopp 
and Pneuman [1976]; Bruzek [1969]; Sturrock [1972]; Roy [1972]; and Hirayama [1974]). 
T he  rise o f the  lo o p  system  is exp la ined  by th e  fa c t th a t  th e  reconnection  s ite  c o n tin u a lly  
moves upward as m ore  and m ore  m agnetic  fie ld  lines reconnect. T h is  p ic tu re  a u to m a tic a lly  
accounts fo r the  a p p a re n t m o tio n  o f  fla re  rib b o n s  w ith o u t th e  existence o f  any a c tu a l plasm a 
flo w  in  the ribbons . I t  also e xp la ins  w hy the  h o tte s t X -ra y  loops are  a t  the  to p  o f  th e  loop 
system  [Kopp and Pneum an  1976; Heyvaerts et al. 1977; Cargill and Priest 1982; and
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F igu re  ‘2-2: T h e  basic co ro n a l m agnetic fie ld  co n fig u ra tio n  f irs t proposed fo r  e rup tive  flares 
by Carmichael [1964] (u p p e r le ft) , la te r  im proved  by Sturrock  [1968] (u p p e r r ig h t), Hirayama 
[1974] (m id d le ), and e ve n tu a lly  by Kopp and Pneum an  [1976] (b o tto m ). (F rom  Svestka and 
Oliver [1992].)
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Pneum an  1981].
H ow ever, the  above p ic tu re  does n o t exp la in  how  i t  is possible fo r  mass to  flow  dow n­
w ard  in  th e  loop system  d u rin g  its  life  tim e  w ith o u t d ra in in g  v ir tu a lly  a ll the  mass in  the  
co rona . Forbes and Malherbe [1986a] showed th a t th is  cou ld  be expla ined by chrom ospheric  
evap o ra tio n  ac ting  a long  fie ld lines m app ing  in to  th e  reconnection region as illu s tra te d  in  
F ig u re  2-3. V arious num erica l s im u la tio n s  co n firm in g  th is  p ic tu re  have been carried  o u t by 
Forbes and Malherbe [1986a and b], Forbes et al. [1989], Forbes and Malherbe [1991], and 
Y'okoyama and Shibata [1997 and 1998].
A c c o rd in g  to  Forbes and Malherbe [1986a and b], the  fla re  loops are created by ch rom o­
spheric  evapora tion  (w h ich  they  p re fe r to  ca ll a b la tio n ) on fie ld lines m app ing  to  s low -m ode 
shocks in  the  v ic in ity  o f  reconnection s ite . T he  shocks an n ih ila te  the  m agnetic fie ld  in 
the p lasm a  flo%ving th ro u g h  them , and  the  th e rm a l energy w h ich  is thus libera ted  is con­
ducted  a long  the fie ld  to  the chrom osphere. T h is  in  tu rn  drives an upw ard flow  o f  dense, 
heated p lasm a back to w a rd  the shock and compresses the  low er regions o f  the  chrom osphere 
d ow nw ard .
2.6 C oronal M ass E jections and E ruptive Prom inences
Because th e  s tu d y  o f  so la r flares d o m in a te d  solar physics research fo r a long tim e , we have 
given i t  p r io r ity  in th is  h is to rica l rev iew . A lth o u g h  fla res are s t i l l  an im p o rta n t to p ic , th e y  
no longe r dom ina te  research on so la r e rup tions  th a t  e ffect the  E a rth  and its  near space 
e n v iro n m e n t. In  th is  sec tion , we are focus ing  on a n o th e r aspect o f  so lar e rup tions, w h ich  is 
now d o m in a n t, nam ely th e  corona l mass e jection (C M E ). C M E s  are closely associated w ith  
the  e ru p tio n  o f so lar prom inences.
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F ig u re  *2-3: Schem atic d ia g ra m  o f a tw o -r ib b o n  fla re . S o lid  lines in d ica te  boundaries between 
va rious p lasm a regions, w h ile  dashed lines in d ica te  m agne tic  fie ld  lines. Because o f  the 
assumed sym m etry , o n ly  le ft p a rt o f  th e  c o n fig u ra tio n  is d ra w n  (fro m  Forbes and Acton  
[1996]).
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2.6.1 Prom inences
Prom inences were observed lo n g  before fla res. T hey  can eas ily  be seen w ith  the naked 
eyes d u r in g  a to ta l eclipse o f  th e  Sun. So. th e y  may w e ll have been observed by ou r e a rly  
ancestors. T h e  earlies t sc ie n tific  record o f  a p rom inence can be traced  back to  1239 when 
M u ra to r i observed the  co rona  d u r in g  a to ta l eclipse and re p o rte d  a ^b u rn in g  hole”  in  i t  
[Secchi 1875]- A t  th is  ea rly  t im e , m any people believed prom inences to  be clouds in th e  
lu n a r, ra th e r th a n  solar, a tm osphere . L a te r, once i t  becam e possible to  see prom inences 
w ith o u t an eclipse, they were th o u g h t by som e to  be th e  m oun ta ins  on th e  Sun [ Grant 
1852]. N o t u n t i l  th e  1860’s, w hen Secchi [1875] in troduced  p h o to g ra p h y  and spectrog raph ic  
m ethods [Secchi 1868: de La R ue  1868], d id  i t  become c lea r th a t  prom inences are g low ing  
masses o f  gas.
W ith  the  in ve n tio n  o f th e  spec trohe lio g raph  and the  spectrohe lioscope, ro u tin e  obser­
va tions  o f  p rom inences becam e possible. P rom inences a ppea r as abso rp tion  features when 
seen on the  so la r d isk  and as em ission fea tu res  when seen on the  lim b . B o th  Hale and  
Ellerm an  [1903], and la te r Deslandres [1910], realized th a t  th e  abso rp tion  features, gen­
e ra lly  referred to  as filam en ts , on the d isk  in  th e ir  spec trohe lio g ram s, are no th in g  m ore 
th a n  prom inences seen aga ins t th e  b rig h t photosphere. L a te r , w ith  the  inven tion  o f  the  
coronagraph  [L yot 1939], a n o th e r m ilestone in  th e  deve lopm ent o f  so la r physics a fte r H a le ’s 
inven tions , i t  became possible ro u tin e ly  to  observe prom inences on the lim b  a t any tim e  
w ith o u t w a it in g  fo r  the nex t to ta l  eclipse. F o r more on prom inences, the  readers shou ld  
co n su lt Tandberg-Hanssen [19 9 5 ]).
Today, th e  te rm  prominence  is p r im a r ily  used to  re fe r to  la rge  quiescent prom inences, 
b u t i t  also inc ludes the  sm a lle r ones th a t o fte n  o ccu r in a c tive  reg ions (i.e. regions co n ta in in g  
sunspo ts). P rom inences cons is t o f  cool (ss 104  K )  p a r t ia lly  ion ized plasm a w h ich  is m ore
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th a n  a fa c to r  o f  10 denser th a n  the  hot ( >  106  K ) co rona l p lasm a in w h ich they are 
suspended. T h e y  are supported aga ins t g ra v ity  by a nearly h o r iz o n ta l m agnetic fie ld  whose 
exact geom e try  is s t i l l  unce rta in . Quiescent prom inences can las t fo r  more th a n  three 
m onths  as re la tiv e ly  s tab le  s tru c tu re s , but even tua lly  they e ru p t ou tw a rds . A lth o u g h  some 
prom inence m a te r ia l fa lls  back to  th e  Sun, m ost o f  i t  is e jected in to  in te rp la n e ta ry  space.
The life - t im e  o f  a  prom inence in  active regions is a few days. O bservations show  th a t a 
prom inence e ru p tio n , w hether ins ide  o r  outside an active  reg ion , is a lways accom panied by 
a C M E . A c tiv e  prom inence e ru p tio n s  are also nearly  always accom panied by a m a jo r  flare, 
b u t quiescent prom inence e rup tions  produce o n ly  weak ch rom osphe ric  b rig h te n in g  which 
is to o  weak to  be considered a fla re . The reason fo r the  d iffe rence in  the  brightness o f 
th e  emission is a lm ost ce rta in ly  due to  the h igher s treng th  o f  m agne tic  field in  th e  active 
reg ion (a lm o s t a fa c to r o f  100). M o re  deta ils o f  observations a re  re ferred to  Zirin  [1988] and 
Tandberg-Hanssen [1995]. A  su m m a ry  o f theo re tica l models o f  quiescent prom inences was 
presented by Priest [1982].
2.6.2 Coronal M ass Ejections
C orona l mass e jections (C M E s) are com m only  defined as large-scale ejections o f  mass and 
m agnetic  f lu x  from  th e  lower co rona  in to  in te rp la n e ta ry  space. T h e  te rm  C M E  o rig in a lly  
referred to  th e  observa tion  o f m a te ria l being e jected from  the  Sun and tra ve lin g  th ro u g h  the 
fie ld  o f  view  o f  a w h ite  lig h t co ronagraph. M easurem ents fro m  coronagraphs and spacecraft 
show  th a t a ty p ic a l C M E  in jects  rough ly  1023M x  o f  m agnetic  f lu x  and 1016g o f  plasma 
in to  space [Howard et al. 1985; Hundhausen 1988 and 1999; Gosling 1990; Webb et al. 
1994], and th a t  the  to ta l k ine tic  energy involved in  such an e je c tio n  can reach up to  1032erg 
— equ iva lent to  th a t  released d u r in g  a m a jo r fla re . In d iv id u a l C M E s  cause s ign ifican t
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disturbances in  th e  so la r w in d , and th e y  are the m a in  d r iv e r  o f “space w ea the r”  a t E a rth  
o rb it  [Fox et al. 1998]. T h e ir  c o n tr ib u tio n  to  the average solar mass loss ra te  is sm a ll, 
c o n s titu tin g  o n ly  a b o u t 10% o f  the  mass loss ra te  due to  th e  steady s o la r w in d  [MacQueen 
1980; Webb and Howard 1994]. T he  de ta iled  s tru c tu re  o f  C M E s  varies fro m  event to  event, 
b u t the basic s tru c tu re  appears to  be nearly  the  same in  a ll events, c o n s is tin g  o f th ree  m ain 
com ponents w hen observed in  w h ite  lig h t [Fisher and Poland  1981; Low et al. 198*2; Illing  
and Hundhausen 1985 and 1986; Howard et al. 1985; Hundhausen  1988 and  1999; and Dere 
et al. 1999]. T h e y  have a b r ig h t and h igh -density  fro n t (o r  leading a rc ) m o v in g  ahead o f  a 
d a rk  and lo w -d e n s ity  c a v ity  w ith in  w h ich a b rig h t and re la tiv e ly  h ig h -d e n s ity  core is found. 
M a n y  C M E s show  lo w -d e n s ity  cavities w ith o u t a b r ig h t core. These cav itie s  som etim es 
con ta in  no h ig h -d e n s ity  core, e ithe r because such a core  is re a lly  absent o r  perhaps because 
the  Thom pson-sca tte red  l ig h t  from  the core cannot be seen fro m  some perspectives [Gibson 
and Low 1998].
B rig h t cores were found  in  abou t o ne -fou rth  o f  th e  C M E s  observed by th e  S o lar M a x i­
m um  M ission (S M M ) s a te llite , and the  b r ig h t leading a rc  genera lly  m oves in  ra d ia l d ire c tio n  
a t speed fro m  less than  50 k m /s  to  m ore th a n  *2000 k m /s  [Howard et al. 1985; Hundhausen 
et al. 1994]. A f te r  onset, C M E s  usua lly  undergo con tin u o u s , o r d iscon tinu ous , accelera­
tions . For th e  so-called im p u ls ive  high speed C M E s, dece le ra tion  is a lso observed [Sheeley 
et al. 1999]. In te rp la n e ta ry  shocks o ften  fo rm  in fro n t o f  C M E s  and th e  s tre n g th  o f  shock 
depends on th e  c o n fig u ra tio n  o f  in te rp la n e ta ry  m agne tic  fie ld  [Gosling 1993]. D u r in g  the  
qu ie t phase o f  th e  so la r cyc le  there are a p p ro x im a te ly  tw o  C M E s p e r week, b u t d u r in g  
the  active phase the  ra te  can exceed one per day. T h e  sens itive  obse rva tions  made by the 
LA S C O  (La rge  A ng le  S p ec trom e tric  C oronagraph) on b oa rd  the S O H O  s a te llite  y ie lded  a 
C M E  rate in  1996 th a t was a fa c to r o f  tw o  to  th ree h ig h e r th a n  d u r in g  th e  previous so la r
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
20
m a x im u m  [Webb and Howard 1994; and Howard e t al. 1997].
C o rona l mass e jections were know n  as corona l tra n s ie n ts  before space observa tions. A c ­
c o rd in g  to  R ust et al. [1980], co ro n a l trans ien ts  were mass e jec tions  seen in  th e  in n e r 
co rona  in  w h ite - lig h t by  g round based coronagraphs whose ra d ia l f ie ld  o f  v iew  is to o  lim ite d  
to  c le a rly  see th e  th re e  p a rt s tru c tu re  o f  most C M E s . A s we m en tioned  before, Carrington  
[1S-59] suggested th e  p o ss ib ility  th a t  geom agnetic d is tu rbances were caused by  s o la r e rup ­
tio n s . However, i t  was Lindem ann  [1919] who suggested fo r the f ir s t  t im e  th a t geom agne tic  
s to rm s  resu lt fro m  tra n s ie n t e jec tions  o f  plasm a fro m  the  Sun. I t  was on ly  rea lized  much 
la te r  th a t  such tra n s ie n t e jections o f  so la r m a te r ia l shou ld  d rag  m agnetic  loops o u t in to  
in te rp la n e ta ry  space (e.g., Cocconi et al. [1958]; P iddington  [1958]; Gold [1962]), because o f 
th e  h igh  e lec trica l c o n d u c tiv ity  o f  th e  coronal p lasm a. Gold [1955] was the f ir s t  to  suggest 
th a t  th e  tra n s ie n t p roduce a shock d is tu rbance  in  th e  in te rp la n e ta ry  gas as th e y  p ropaga te  
fro m  th e  Sun — an idea  which is based on the  e x tre m e ly  rap id  onset o f  the  m agne tic  d is tu r ­
bance a t the E a r th  ( th e  so-called “ sudden com m encem ent” ). I t  was w id e ly  believed a t th a t 
t im e  th a t  these tra n s ie n t p lasm a e jections were a consequence o f  so la r flares [Hale 1931; 
Chapman  1950; Piddington  1958].
W h ite - lig h t c o ro n a l trans ien ts  (mass e jections) w ere f irs t  observed in  space by  th e  N R L  
coronagraph  on O S O -7  [Tousey 1973], b u t i t  was s t i l l  assumed th e y  were d ire c tly  generated 
by fla re  a c tiv ity . However, w ith  t im e  i t  even tua lly  became c lear th a t  on ly  a b o u t 10% o f 
a ll fla res (m o s tly  th e  ve ry  large fla res) generate C M E s . A  fa r b e tte r co rre la tio n  w as found 
between C M E s and  prom inence e ru p tio n s .
T he re  is now  a  w ide  va rie ty  o f  observations th a t  in d ica te  th a t C M E s  are no t, in  genera l, 
p roduced d ire c tly  b y  im pu ls ive  so la r flares [Gosling 1993]. U V  and  X -ra y  telescopes on 
S O H O  and Y ohkoh  have found th a t  C M E s o ften beg in  to  l i f t  o f f  fro m  the  Sun be fore  any
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su b s ta n tia l fla rin g  a c t iv i ty  occurs [W agner et al. 1981; Harrison 1986 and 1995: Hundhausen  
1988: Harrison et al. 1990; Hundhausen  1997]. F u rth e rm o re , the th e rm a l energy p roduced  
by th e  fla res is n o t su ffic ie n t to  p rope l them  a t the  h ig h  speeds (up  to  2 0 0 0  k m /s )  th a t  are 
o ften observed [Canfield et al. 1980; Webb et al. 1980; Howard et al. 1985; L inker et al. 
1990; and Hundhausen et al. 1994].
S ta tis t ic a l assoc ia tion  stud ies in d ic a te  a h igher c o rre la tio n  between C M E s and e ru p tin g  
prom inences than  w ith  o th e r a c t iv ity  [SY- Cyr and Webb 1991; and D ryer  1994]. A cco rd in g  
to  Webb [1992], 8 8 %  o f  C M E s  are associated w ith  w ith  e ru p tin g  prom inences, w h ile  o n ly  
34% are  associated w ith  H a  flares ( th is  percentage added up to  >  100% because 12% 
o f prom inence e ru p tio n s  are accom panied by a fla re ). In  fact, e ru p tin g  filam en ts  and X - 
rav events, especia lly those o f  long d u ra tio n , are th e  m ost com m on near-surface a c t iv ity  
associated w ith  C M E s . C om parisons o f  so ft X -ra y  d a ta  w ith  the w h ite  lig h t observa tions  
have g iven  us m any in s ig h ts  in to  th e  source regions o f  C M E s. U sing whole-Sun in te g ra te d  
X -ra y  d a ta , Sheeley et al. [1983] f ir s t  showed th a t th e  p ro b a b ility  o f  associa ting  a C M E  
w ith  a s o ft X -ra y  fla re  increased lin e a r ly  w ith  fla re  d u ra tio n , reach ing 100% fo r  fla res o f  
d u ra tio n  >  6  hours.
O bserva tions show  th a t  the  events associated w ith  C M E s  genera lly have a g ra d u a l phase 
las ting  several hours. Some events have 7 -ra y  em issions th a t last fo r  as long as 8  hours 
[Kanbach et al. 1993; and Ryan  *2000] and X -ra y  em issions la s tin g  as long as 50 hours 
have been observed in  some m a jo r events. T he  em ission is generally produced by  energe tic  
charged pa rtic les  th a t  are re la ted to  th e  process o f  m agnetic energy release. M a g n e tic  
reconnection  is co m m o n ly  th o u g h t to  be the  like ly  mechanism acce le ra ting  the  p a rtic le s  
th a t c rea te  these em issions. The  acce lera tion  m ay o ccu r d ire c tly  because o f th e  e lec tric  
field associated w ith  th e  reconnection  process o r in d ire c t ly  because o f  a s tochastic  process
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re s u ltin g  from  tu rb u le n ce  in  th e  o u tflo w  from  the  reconnection s ite  [Ryan and Lee 1991]. 
H ow ever, the energetic  partic les th a t  reach the E a r th  are un like ly  to  be produced by the 
reconnection  process. T hey  are a lm o s t ce rta in ly  produced a t th e  fa s t shock in  f ro n t  o f  the 
C M E  by d iffus ive  shock acceleration (Reames [1995]), and i t  is these partic les th a t  g ive  rise 
to  s o la r energetic partic les, nam e ly  SEPs (Kahler [1994]. See also the  studies b y  Reames 
[1995 and 1997], and Gosling [1997]).
2 .7  Sum m ary
A s m ore  observations have become available , the  boundaries sepa ra ting  the fla re , e ru p tin g  
p rom inence and C M E  phenomena have become increas ing ly  b lu rre d . I t  seems lik e ly  th a t 
as o u r  know ledge o f  these events increases, we w ill f in d  th a t there  are m an ifes ta tion s  o f  a 
s ing le  physical process in vo lv in g  th e  d is ru p tio n  o f  th e  coronal m agnetic  field.
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Chapter 3
Review on the Theory of Solar 
Eruptions
3.1 E arly M odels
F o llo w in g  observations o f  C M E s in th e  1970s, m any a u th o rs  im m e d ia te ly  tried  to  c o n s tru c t 
th e  th e o re tica l reasons fo r  th is  im p o r ta n t and com p lex  e rup tive  phenom enon, and its  rela­
tio n s  to  fla res and fila m e n t e ru p tio n s . In  e a rly  th e o re tica l models, th e  observed assoc ia tion  
between C M E s  and flares n a tu ra lly  suggests the p o ss ib ility , considered in  the la te  70s, th a t  
C M E s  are th e  dynam ica l response o f  th e  corona to  th e  sudden in p u t o f  energy lib e ra te d  by 
a fla re  a t th e  base o f th e  corona [Dryer  1982]. Some o f  these m odels were a lm ost p u re ly  
h yd ro d yn a m ica l [Wu et al. 1975] and w ere based on num erica l s im u la tio n  o f  the  response 
o f  a  m odel atm osphere to  an ad hoc pressure o r v e lo c ity  pulse a t th e  base. These m odels 
were extended to  inc lude tw o -d im ens ion a l m agne toh yd rodynam ic  (M H D )  processes la te r  on 
[Nakagawa et al. 1978 and 1981; Wu et al. 1978 and  1981; Steinolfson et al. 1978; and 
D ryer et al. 1979]. In these models, m a g n e tic  forces had o n ly  a passive ro le  as an in h ib ito r  
o r  g u id e r o f  the  tra n s ie n t m a te ria l. These models s u ffe r the  general p rob lem s o f  re q u ir in g  
u n re a lis tic a lly  low m agnetic  fie ld s tre n g th  (re la tive  to  th e  gas o r ram  pressure) o r  in it ia l ly  
opened fie ld  topologies ra th e r  th a n  th e  closed fields observed.
R ea liz ing  th a t the co rona  is d o m in a te d  by the m agne tic  fie ld, som e researchers inves­
t ig a te d  th e  roles played by the  m agne tic  fie ld  in tr ig g e r in g  C M E s. Sakurai [1976], A nzer
23
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[197.?]. and M ouschovias and Poland  [1978] proposed m odels w hereby a tw is te d  flu x -tu b e  
is d rive n  o u tw a rd  by its  s to red  energy. Pneum an  [1980a] developed a m ode l based on the  
close associa tion  between C M E s  and e ru p tive  prom inences. He showed th a t  an increase in  
th e  s tre n g th  o f  th e  m agne tic  fie ld  beneath a corona l he lm et s tream er can eas ily  propel the  
p rom inence and th e  o v e rly in g  arcade o u tw a rd  to  in fin ity . Pneum an  [1980b] and  A nzer and  
Pneum an  [1982] argued th a t  in  tw o -r ib b o n  flares th is  d r iv in g  force can o r ig in a te  v ia  the 
o u tf lo w  fro m  reconnection  beneath  the  r is in g  prom inence. O th e r  p oss ib ilitie s  o f  tr ig g e rin g  
C M E s  were also considered based on some k ind  o f m agnetic  d r iv in g  [Liu 1983: Yeh and 
D ryer 1981; Yeh 1982 and 1983; Hu and Tang 1984; and Hu and J in  1987]. A lth o u g h  they 
cou ld  reproduce some obse rva tion a l fea tures o f  C M E s, these m odels were s t i l l  based on the 
p rin c ip le  th a t  th e  d r iv in g  forces som ehow  o rig ina ted  in  the  fla re .
3.2 S torage M od els
T h e  m ost gene ra lly  accepted m odels now assume th a t the  energy released d u r in g  e rup tions  
is s to red  in th e  co ro n a l m agne tic  fie ld  p r io r  to  the  e ru p tio n , and th a t  a loss o f  s ta b il ity  o r 
e q u ilib r iu m  o f  th e  co rona l m agne tic  fie ld  leads to  the e ru p tio n  and energy release.
These m odels tra n s fe r energy fro m  th e  convection zone over a long  tim e  scale. The  con­
t in u a l emergence o f  new f lu x  fro m  the  convection  zone and the  m ovem ent o f  th e  fo o tp o in ts  
o f  closed co rona l fie ld  lines causes stresses to  b u ild  up in the  co rona l fie ld . E ve n tu a lly , these 
stresses exceed a th resho ld  beyond w h ich  a s tab le  e q u ilib r iu m  canno t be m a in ta in e d , and 
the  fie ld  e ru p ts . These m odels are based on th e  mechanism o f  a ccu m u la tin g  energy in the 
co rona l m agne tic  fie ld , so th e y  are th o u g h t o f  as storage m odels [Priest and Forbes 2000].
In  these m odels, energy a ccum u la tion  genera lly  takes tens o f  hours o r  even a couple o f  
days. D u r in g  th is  process, th e  co rona l m agne tic  fie ld  evolves fro m  a p o te n tia l f ie ld  to  a non­
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p o te n tia l fie ld , and the  m agnetic  free energy increases. T he  free ene rgy  is the  d ifference 
o f  the  energy between n o n -po te n tia l fie ld  and p o te n tia l fie ld . As th e  energy s to red  in 
th e  system  increases, the  con figu ra tio n  m ay become uns tab le  o r  reach th e  p o in t w here no 
e q u ilib r iu m  is possible, lead ing  to  a so-called “ loss o f  e q u ilib r iu m 71. In  the next section , 
we discuss tw o  specific s to rage models, w h ich  have been extens ive ly  s tud ied , nam ely  the 
sheared arcade model and the  flu x  rope m odel.
Based on m any observations, an im p o r ta n t c o n s tra in t fo r C M E  and  related e ru p tio n  
models is th a t  the  no rm a l com ponent o f  th e  pho tospheric  m agnetic fie ld  rem ains v ir tu a lly  
unchanged d u r in g  the event. T he  slow m ovem ents o f  sunspo ts  and o th e r  m agnetic fea tures 
in  the  photosphere are unaffected by the  e rup tions  because the p lasm a in  the photosphere 
is a lm ost 109  tim es denser than  the p lasm a in  the co ro n a  where e ru p tio n s  o rig in a te . T h is  
enorm ous difference in  density , and th u s  in  ine rtia , m eans th a t i t  is ve ry  d iff ic u lt fo r  dis­
tu rbances in  th e  tenuous corona to  have m uch effect on  the  e x tre m e ly  massive p lasm a o f 
the  photospheric  layer. F ie ld  lines m app ing  from  the  co rona  to  the  photosphere are said to  
be " in e r t ia lly - t ie d ”  o r “ lin e -tie d ” , which means th a t th e  fo o tp o in ts  o f  co rona l field lines are 
essentia lly  s ta tio n a ry  over th e  tim e scale o f  the  e ru p tio n . There fore  th e  com ponent o f  the  
corona l fie ld  due to  photospheric  sources rem ains co n s ta n t d u rin g  an e ru p tio n  and does no t 
c o n tr ib u te  to  the  energy release.
3.3 E nergetics
Forbes ['2000] estim ated  th a t  the  energy d e n s ity  required to  d rive  a m o d e ra te ly  large e ru p tio n  
o f  1032 ergs (i.e . a flare associated w ith  a C M E ) m ust be o f  o rde r 100 e rg s /c m 3. C om parisons 
o f  possible energy sources in  th e  corona show  th a t o n ly  th e  m agnetic energy  dens ity  exceeds 
th is  am oun t. T h e  m agnetic energy m ust be accum ula ted  in  the  com ponen ts  o f the  m agne tic
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fie ld  generated by corona l cu rre n ts  b u ilt  up  e ith e r by the observed pho tosphe ric  m o tions  o r  
tra n sp o rte d  in to  the  co rona l by  f lu x  emergence. T h e  re la tiv e ly  sh o rt tim e  in te rv a l between 
large events im p lies  th a t m uch o f  the  c u rre n t is tra n sp o rte d  fro m  below  [M cC lym ont and  
Fisher 1989]. Because the re  is no w ay to  observe th e  co rona l m agne tic  fie ld , its  exact fo rm  
remains u n kn o w n . I t  is m o s t com m on ly  assumed th a t the  f ie ld  is in the  fo rm  o f  m agne tic  
arcades o r m agne tic  flu x  ropes w ith  the  c u rre n t flow ing  p a ra lle l to  the  fie ld , know n as fo rce- 
free co n fig u ra tio n s  since J x B  =  0 [ Van Ballegooijen and M artens  1989; Ridgway and Priest 
1993: and Van Ballegooijen 1999].
Related to  th e  question  “ H ow  much energy  is requ ired to  d rive  a C M E ? r , a n o th e r 
question is "C a n  the m agne tic  co n fig u ra tio n  s to re  enough ene rgy before e ru p tio n ? ’’ . Low  
and Sm ith  [1993] po in ted o u t th a t  the  a m o u n t o f  energy shou ld  be enough to  do th ree  
th ings: ( 1 ) open up the m agne tic  fie ld  com p le te ly , (2) l i f t  th e  mass aga inst g ra v ity , and (3) 
d rive  m a te ria l m o tion  a t th e  observed speed.
3.4  A ly-S turrock  Paradox
Barnes and Sturrock [1972] n u m erica lly  s tu d ie d  a process d u r in g  w hich a closed force-free 
arcade system  underw en t a  sudden, d yn a m ic  tra n s it io n  to  a com p le te ly  open fie ld . T h is  
k ind  o f tra n s it io n , o r so m e th in g  close to  i t ,  is needed fo r m odels o f  C M E s . From  th e ir  
analysis th e y  concluded th a t  a  com ple te  closed fie ld  could c o n ta in  m ore m agne tic  energy 
than  a co m p le te ly  opened fie ld , and, the re fo re  th a t  the tra n s it io n  from  closed to  open was 
energe tica lly  favorab le . H ow ever, Aly  [1984] re -investiga ted  th e ir  model and  noticed th a t  
they  had used c y lin d r ic a lly  sym m e tr ic  b o u n d a ry  co nd ition  th a t  confined th e  m agnetic  fie ld  
in  a cy lin d e r w hose b o u n d a ry  behaved as a r ig id  co n d u c tin g  surface on w h ich  an induced 
cu rre n t was produced as th e  system  evo lved. A f te r  rem ov ing  th is  unreasonable b o u n d a ry
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c o n d itio n , A ly  found th a t th e  open s ta te  now  con ta ine d  more m agnetic  energy th a n  the 
closed one, so th e  tra n s it io n  was no longe r possible. L a te r , Aly [1991], and Sturrock  [1991] 
estab lished th a t  fo r a  s im p ly  connected fie ld , the  fu lly  opened fie ld c o n fig u ra tio n  a lw ays  has 
a g re a te r m agne tic  energy th a n  th e  co rrespond ing  fo rce-free fie ld . A ly  [1991] a lso showed 
th a t  fo r  a s im p ly  connected force-free m agne tic  fie ld th e  ra tio  o f  th e  to ta l m agne tic  energy 
to  th e  p o te n tia l m agne tic  energy is necessarily less th a n  2. For exam ple , the  m a x im u m  
ra tio  fo r  the  co n fig u ra tio n  w ith  a Sun-centered d ip o le  is abou t 1.66 [Low and S m ith  1993; 
and M ikic and L inker  1994]. So, open ing  fie ld  lines means increasing the  m agne tic  energy 
in  th e  system , b u t s torage m odels o f  C M E s  require  i t  to  decrease [Sturrock et al. 1984]. 
T h is  appa ren t c o n tra d ic tio n  is som etim es called the  Aly-Sturrock paradox o r  Aly-Sturrock  
constraint.
T h e  A ly -S tu r ro c k  c o n s tra in t has con founded m any proponents o f  s torage m ode ls  be­
cause i t  seems to  im p ly  th a t  such m odels are  e ne rge tica lly  im possib le . However, th e re  are 
several ways to  avo id th is  c o n s tra in t. F irs t ,  th e  m agne tic  fie ld m ay n o t be s im p ly  connected 
and m ay co n ta in  k n o tte d  fie ld  lines; second, i t  m ay co n ta in  field lines th a t are c o m p le te ly  
d isconnected fro m  the  photosphere; th ird ,  an ideal M H D  e ru p tio n  can s t i l l  e x te n d  fie ld  
lines p rov ided  i t  does no t open th e m  a ll th e  w ay to  in f in ity ;  fo u rth , an ideal M H D  e ru p tio n  
m ay be possible i f  i t  o n ly  opens a p o rtio n  o f  the  closed fie ld  lines; f i f th ,  d e v ia tio n s  fro m  
a p e rfe c tly  force-free in it ia l s ta te  m ig h t m ake a d iffe rence; and fin a lly , a non -idea l M H D  
process, especia lly  m agnetic  reconnection , m ig h t be im p o r ta n t.
W hen s tu d y in g  a specific  m odel, a ll o f  these poss ib ilities , o r some o f  th e m , are g e n e ra lly  
considered s im u ltaneous ly . A cco rd in g  to  Forbes [2000], one can d is tin g u ish  fo u r  d iffe re n t 
classes o f  e ru p tio n  m odels. F irs t  is a class o f  non-force-free m odels w h ich  supposes th a t  
th e  g ra v ity  and gas pressure m ay p lay  an im p o r ta n t ro le  in the  s to rage o f  enough energy
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and the  in it ia t io n  o f  an e ru p tio n . Second is a class o f  force-free m odels th a t a tte m p ts  to  
e xp la in  the e ru p tio n  sole ly in  te rm s  o f  an ideal M H D  process. T h ir d  is a class o f  models 
th a t  invokes res is tive  M H D  processes such as m agne tic  reconnection to  tr ig g e r th e  e ru p tio n . 
F in a lly , is a fo u r th  class o f  h y b r id  m odels th a t in it ia te  the  e ru p tio n  by a pu re ly  idea l M H D  
process bu t requ ire  the  non-idea l M H D  process o f  m agne tic  reconnection  in o rde r to  sustain 
th e  e rup tion .
3.5  N on  Force-Free M od els
F o r the  firs t class, a tw o-step-process is usually considered [Low 1990 and 1997; and Hund- 
hausen  1999]. F irs t ,  an in i t ia l ly  closed coronal m agne tic  fie ld  is opened up and the  mass 
p rev ious ly  trapped  in  the closed fie ld  is ejected. Second, the opened field lines are re-closed 
by th e  m agnetic reconnection and resu lt in  a fla re  (see Hirayama [1974]: and Kopp and 
Pneum an  [1976]). T h e  f irs t process is an ideal M H D  one, and th e  second process is non­
idea l M H D  and produces the  in tense  heating  ch a ra c te ris tic  o f  th e  fla re  [Hiei et al. 1994 and 
1997: and Low 1994].
In  th is  scenario, g ra v ity  is used to  bypass th e  A ly -S tu rro c k  c o n s tra in t. I f  a  force-free 
fie ld  is confined in  a fixed vo lum e  o f  space by rig id  w a lls , its  energy can grow  w ith o u t bound 
when sub jec t to  ever increasing stress th a t compresses the  fie ld aga ins t the w alls . Low and 
Sm ith  [1993] suggested th a t a lth o u g h  there are no  r ig id  walls in  th e  so lar a tm osphere , the 
w e ig h t o f plasm a in  a non-fo rce-free  m agnetic fie ld  acts like a r ig id  w a ll to  con fine  the 
m agne tic  fie ld. Low  [1999] suggested th a t  the w e igh t o f  quiescent prom inence serves to  hold 
the  m agnetic fie ld  (w h ich  he supposes is in the  fo rm  o f  a f lu x  rope) in  place, m uch like 
a w e igh t on to p  o f  a sp ring  [K lim chuk  2001]. Forbes [2000] es tim a ted  th a t g ra v ita t io n a l 
energy could a llow  the  sto red  m a g n e tic  energy to  exceed its  m a x im u m  force-free value by
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as much as 1 0 % .
Some o f  the  cool p lasm a in  an e ru p tin g  prom inence is o ften  seen to  fa ll back to  the  
surface, w h ich  suggests th a t  a  C M E  m ig h t be triggered i f  th e  m agnetic  fie ld  s low ly evolves 
to  a c r it ic a l p o in t w here i t  can no longer s u p p o rt the  prom inence [Low 1996, 1997 and 1999]. 
In  o th e r words, the  w e igh t o f  the  prom inence would act as a lid  th a t a llow s the m agnetic  
energy to  increase above the  open l im it ,  and when the lid  is sudden ly removed, the  fie ld  
springs o u tw a rd . However, m any C M E s do  no t appear to  con ta in  any prom inence m a te ria l, 
so i t  seems u n like ly  th a t such a mechanism  could exp la in  a ll C M E s. I f  b o th  gas pressure 
and g ra v ity  are inc luded [Low and Sm ith  1993: Wolfson and Dlamini 1997: and Wolfson 
and Saran  1998], gas pressure reduces the  m agnetic  energy th a t  can be s to red  in the corona 
[Low 1999 and Forbes 2000]. B u t un like  g ra v ity , gas pressure can its e lf  propel m a te ria l 
ou tw a rd  g iven the  a p p ro p ria te  g ra d ie n t. So fa r, a ll models w h ich  invoke gas pressure, even 
i f  on ly  as a tr ig g e r, c o n tin u a lly  run  in to  the  problem  th a t th e  plasm a ft (the  ra tio  o f  gas 
pressure to  m agne tic  com pression) o f  the  low  corona is to o  sm all ( 1 0 - 4  to  1 0 -3 ) fo r gas 
pressure to  have a s ig n ifica n t e ffect.
3.6 Ideal M H D  M odels
T he  second class o f  models are based on the  pure ly  ideal M H D . T h is  class deals w ith  
processes d u r in g  w h ich  no d iss ipa tion  o r  d iffus ion  o f the m agne tic  fie ld  occurs. A lth o u g h  
the  m agnetic  reconnection can occur, i t  is assumed to  p lay  no fundam en ta l role in the  
tr ig g e rin g  o r long te rm  e vo lu tio n  o f  the  system . These m odels are severely restric ted by 
the  A ly -S tu rro c k  c o n s tra in t. B u t one w ay to  elude the c o n s tra in t is to  assume th a t o n ly  
a  p o rtio n  o f  the  to ta l fie ld  is opened by e ru p tio n  [Wolfson 1993]. Wolfson and Low [199*2] 
found a p a r t ly  open fie ld  th a t  has a low er m agnetic energy th a n  a fu lly  closed fie ld w ith
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th e  same pho tospheric  bound a ry  c o n d itio n . H ow ever, th e ir  m e thod  o f  so lu tion  does not 
a llow  th e m  to  d e te rm in e  w h e th e r a closed s ta te  m a y  tra n s it in to  an  open s ta te  w ith o u t 
in vo k in g  reconnection . So, i t  is s t i l l  n o t c lear th a t  w h e th e r a p a r t ly  open m agnetic fie ld  can 
be achieved solely by a loss o f  idea l M H D  e q u ilib r iu m  [Forbes 2000].
3 .7  Id ea l-R esistive  H ybrids
3.7.1 Sheared A rcade M odel
In s im p ly-connected  force-free m agne tic  arcades, th e  free energy c o n tin u a lly  increases as the 
fo o tp o in ts  o f  the arcade are sheared. Here, “ s im p ly -connec te d " means th a t  the tw o  ends o f 
a ll fie ld  lines are anchored in th e  photosphere. A s  th e  fie ld  is sheared a stab le  e q u ilib r iu m  
exists, so th a t  a sudden d ynam ic  process never occurs, and there fo re , s im p ly  shearing  an 
arcade ca n n o t reproduce the e ru p tiv e  behaviors o f  fla res  and C M E s [Finn and Chen 1990]. 
Several e x is tin g  num erica l s im u la tio n s  [Linker and M ikic  1994; and M ikic and L inker 1994] 
show th a t  th e  s im p ly-connected  m agne tic  arcades on a spherica l su rface  do not e ru p t, b u t 
instead expand o u tw a rd  s m o o th ly  w ith  increasing shear o f  the  fo o tp o in ts  u n til a fu l ly  open 
fie ld is fo rm ed when th e  shear exceeds a c r it ic a l va lue. A s  the  field expands, a c u rre n t sheet 
develops th a t  separates regions o f  o ppos ite  m agnetic  p o la ritie s , b u t no e ru p tio n  occurs and 
the  w hole system  a lw ays rem ains in  e q u ilib r iu m .
O ne w ay  to  fo rce an e ru p tio n  is to  suppose th a t  the  cu rre n t sheet sudden ly a llow s 
reconnection  to  take  place a t some p o in t in  tim e . F o r exam ple , we m ig h t assume th a t  once 
the  c u rre n t sheet is th in  enough, i t  is su b je c t to  th e  te a rin g  mode in s ta b il ity  [Furth et al. 
1963]. A lte rn a tiv e ly , a  m ic ro in s ta b ility  (i.e. a phase spare in s ta b il ity )  m ay occu r when 
the  c u rre n t dens ity  in  th e  sheet exceeds some th re sh o ld  value [Galeev and Zelenyi 1975;
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F ig u re  3-1: (a )Q u a s i-s ta tic  e vo lu tio n  o f  an a x ia lly  sym m e tric  arcade w hich  is sheared by  
ro ta t in g  the n o rth e rn  and sou the rn  hem ispheres o f  the  Sun in  opposite  d irec tions . T h e  
in i t ia l  fie ld  a t t =  0 is a Sun centered d ip o le  w h ich  evolves in to  the  force-free fie ld  shown 
a t  t  =  5 4 0 ta . A f te r  a ro ta tio n  o f  1'26°, th e  fie ld  becomes fu l ly  opened a t t  =  900rA, as 
lo n g  as th e  m agne tic  re s is tiv ity , 77, rem ains zero . However, an e ru p tio n  occurs a t t =  5 6 3 rA 
i f  77 is sudden ly  increased, (b) T h e  co rrespond ing  evo lu tio n  o f  to ta l energy d iv id e d  by th e  
p o te n t ia l energy ( fro m  Forbes [2000]).
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and Heyvaerts and Priest 1976]. Once a m ic ro in s ta b ility  occurs, the  re s is tiv ity  sudden ly 
increases, w h ich  causes the  m agnetic fie ld  lines to  reconnect in  th e  cu rren t sheet, which, in  
tu rn ,  leads to  the  fo rm a tio n  o f  an is land as show n in  F ig u re  3-1.
P r io r  to  th e  e rup tion , the  reconnection ra te  m ust be m uch slower than  th e  ra te  a t w h ich  
the  pho tospheric  m otions stresses the fie ld , b u t once e ru p tio n  occurs, the  reconnection ra te  
m ust be fast to  d issipate the  energy ra p id ly  enough [Lin and  Forbes 2000: and Forbes 2000].
3.7.2 Break-Out M odel
Antiochos et al. [1999] proposed ano the r sheared arcade m odel th a t  also requires m agnetic 
reconnection to  tr ig g e r the e ru p tio n . In th is  m odel the  m agne tic  field co n fig u ra tio n  has a 
sphe rica lly  sym m e tric  quad rap o la r geom etry, ra th e r than  a d ip o la r  geom etry. In th is  m odel, 
the re  are th ree  p o la r ity  inversion lines on the  photosphere and fo u r d is t in c t flu x  systems 
as shown in F ig u re  3-2. T he re  is a ce n tra l arcade s tra d d lin g  the  equa to r, tw o  arcades 
associated w ith  the  neu tra l lines a t ±  45° la t itu d e , and a d ip o la r  f lu x  system  ove rly ing  the  
th ree  arcades. U nlike w h a t had been done by  Mikic and L inker  [1994], Antiochos et al. 
[1999] chose to  shear on ly  the  cen tra l arcade. T h is  resu lts  in  a ris ing  ce n tra l arcade w hich  
compresses th e  X -lin e  above i t  to  produce a curved , h o rizo n ta l c u rre n t layer on the  to p  o f  
th e  sheared arcades (F igure  3 -2 ). In the  absence o f  gas pressure o r re s is tiv ity  th is  layer is 
an in f in ite ly  th in  sheet, and i t  confines th e  ce n tra l arcade so th a t  the la t te r  cannot open 
w ith o u t reconnection o ccu rring  in th is  sheet. T hey  c la im ed  th a t  when gas pressure and 
reconnection are included, the  reconnection a t the X - lin e  undergoes a sudden tra n s itio n  
from  slow  to  fas t. Because o f  the gas pressure the c u rre n t sheet has a f in ite  thickness, 
b u t as the un d e rly in g  sheared arcade presses aga inst the  sheet, i t  th ins . In  the  num erical 
s im u la tions  th is  th in n in g  appears to  accelerate the reconnection  considerab ly, a lthough i t
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F igure  3-2: M agne tic  fie ld  con figu ra tions in  the  m odel by  Antiochos et al. [1999] a t  (a) 
early  and (b ) la te  tim es. Because the  fie ld  is sym m etric  a b o u t the axis o f  ro ta tio n  o n ly  one 
side is show n. A  force-free c u rre n t is created by shearing  th e  arcade fie ld  ( th ic k  lines) a t 
the  equa to r, b u t a c u rre n t layer ho rizon ta l to  the  solar su rface  is also crea ted  as the  sheared 
region bulges ou tw a rds . Reconnection o f th e  fie ld  lines in  th is  layer a llow s the  sheared fie ld  
lines to  open ou tw a rds  to  in f in ity  (from  Forbes [2000] and  figu re  tem p la tes  courtesy  o f  S. 
A n tiochos).
is d iff ic u lt to  say th is  conc lus ive ly  since th e  sheet is no lo nge r n u m e rica lly  resolved a t  the  
m om ent th e  acce lera tion  occurs.
The d iffe rence  o f  th e  b reak -ou t m odel fro m  the  sheared arcade m odel o f  Mikic and L inker  
[1994] relies on  the fa c t th a t  the  b reak-ou t m odel requires th a t  m agnetic reconnection o ccu r 
on the to p  o f  the  sheared arcade. A lth o u g h  th e  tr igge r mechanism  in  th e  breakout m ode l 
remains p ro b le m a tic , th e  m odel does c lea rly  dem onstra te  rigo rous ly  a  tra n s it io n  fro m  a 
closed m agne tic  field to  a p a r t ly  open one th a t  is ene rge tica lly  favorab le .
3 .7 .3  E a r l y  F lu x  R o p e  M o d e ls
In  1979, W . Van Tend and M . K uperus [Van Tend and Kuperus 1978; and Van Tend
1979] proposed a s im p le  ca tas trophe  m odel fo r  C M E s suggesting  th a t  a  corona l f lu x  rope
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(represented in  th e ir  m odel by a s im p le  line c u rre n t)  cou ld  lose e q u ilib r iu m  w hen its  c u rre n t 
exceeds a c r it ic a l value (F ig u re  3 -3 ). In  th e ir  m odel th e  f lu x  rope f lo a ts  in  the  co rona  unde r a 
ba lance between m agne tic  com pression, produced b y  th e  m agne tic  fie ld  below th e  f lu x  rope, 
and  th e  m agne tic  tens ion , produced by  the m agne tic  fie ld  o v e r ly in g  the  flu x -ro p e  (F igu re  
3 -3 a ). In  m ost c ircum stances, th is  balance is s tab le , i f  the  f lu x -ro p e  is p e rtu rb e d , th e  rope 
ju s t  s im p ly  osc illa ted  up and dow n a round its  e q u ilib r iu m  lo ca tio n  (F ig u re  3 -3 b ). A s  the 
f lu x -ro p e  cu rre n t increases, Van Tend  [1979] showed th a t th is  s ta b le  e q u ilib r iu m  w ou ld  be 
d isp laced upw ards (F igu res  3-3c and  3-3d), and th a t  th is  d isp lacem en t could o ccu r e ithe r 
co n tin u o u s ly  o r  d isco n tin u o u s ly  depend ing  on th e  n a tu re  o f  th e  background fie ld . W hen 
th e  background fie ld  in  th e ir  m odel fa lls  o ff w ith  h e ig h t faste r th a n  1 f y .  where y  is ve rtica l 
co o rd in a te , the  tra n s it io n  becomes d iscon tinuous as the  c u rre n t exceeds a c r it ic a l value. 
In  o rd e r fo r the  fie ld  to  decrease w ith  height in  th is  fashion, th e  background fie ld  m ust 
be d o m ina ted  by  a tw o -d im ens ion a l d ipo le , o r h ig h e r o rde r m u lt i-p o la r  com ponen t. I f  the  
background  fie ld  is do m in a te d  by a tw o -d im ens ion a l m onopole (i.e . a lin e -c u rre n t) , then 
th e re  is no sudden tra n s it io n .
Subsequent s tud ies  by  Kaastra  [1985], Molodenskii and Filippov [1987], a n d  Martens  
and Kuin  [1989] genera lized the  m ode l o f  Van Tend  and K upe rus  w ith in  the  fra m e w o rk  o f 
c ir c u it  theory. (D e sp ite  the  fa c t th a t  th e y  refer to  th e ir  m odel as a Uc irc u it  m ode l” , Martens  
and K u in ’s m odel is m ore like  an M H D  m odel e xcep t fo r  th e ir  tre a tm e n t o f  the  d iss ip a tio n  
processes associated w ith  reconnection  and shock waves.) In c irc u it  theory, th e  f lu x  rope 
(o r  c u rre n t f ila m e n t as th e y  used ) is s im p ly  tre a te d  as a w ire  im m ersed  in  a va cu u m , and 
th e  m agnetic  fie ld  is n o t frozen to  th e  plasma as i t  should be in  th e  nearly  idea l M H D  
e n v iro n m e n t o f  th e  corona. C onsequently, reconnection  occurs fre e ly  a t the  n e u tra l p o in t 
(o r  X -lin e ) in th e ir  m ode l. However, in  a rea lis tic  c o ro n a l p lasm a e n v iro n m e n t, reconnection
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F ig u re  3 -3 : Schem atic d iag ram s show ing th e  behav io r o f  the  m agnetic energy in m odels 
o f  th e  V an  Tend and K uperus  type . T he  shaded c irc le  designates the f lu x  rope, and so lid  
a rrow s in d ica te  f lu x  rope m o tio n . H o llow  a rrow s show th e  photospheric convection w h ich  
increases th e  c u rre n t inside f lu x  rope by reconnecting  fie ld  lines in the  photosphere (fro m  
Forbes and Isenberg [1991]).




F ig u re  3-4: M a g n e tic  con figu ra tio n  o f  an a n a ly tica l M H D  m odel w ith  a tw o -d im ens iona l 
d ip o le  located on th e  surface (fro m  Forbes [1990a]). T h e  flu x  rope and the uppe r and lower 
t ip s  o f  th e  cu rren t sheet are located a t /i, q, and p, respectively.
is n o t easy because o f  the  high c o n d u c t iv ity  o f  the  plasma. T hus, any a tte m p t to  q u ick ly  
change a co n fig u ra tio n  w ith  an X -p o in t  in  i t  leads to  the fo rm a tio n  o f a c u rre n t sheet 
a t th e  X -p o in t. Kaastra  [1985] and  Martens and Kuin  [1989] addressed th is  p rob lem  by 
in c o rp o ra tin g  c u rre n t sheets w ith in  the  c irc u it  fram ew ork , bu t the a p p ro x im a tio n s  th e y  used 
re s tr ic te d  th e ir ana lys is to  u n re a lis tica lly  sh o rt cu rre n t sheets (c f. Lin and Forbes [2000]) 
and th e  cu rre n t in  th e  sheet is a lw ays m uch weaker th a n  the c u rre n t in  the f lu x  rope.
F o llo w in g  upon th e  w ork o f Kaastra  [1985] and Martens and Kuin  [1989], Priest and 
Forbes [1990] found an exact so lu tio n  fo r  a co n fig u ra tio n  w ith  a cu rre n t sheet o f  a rb itra ry  
le n g th  (F igu re  3 -4 ). However, th is  co n fig u ra tio n  has a background fie ld  (the  p o te n tia l field 
produced  by the pho tospheric  sources) w ith  a tw o-d im ensiona l d ip o le  located on th e  surface, 
and th e  loca tion  o f  th e  source on th e  b o u n d a ry  means there is an unphysica l s in g u la r ity  in
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th e  fie ld  a t th is  lo ca tio n . Nevertheless, i t  is  possible w ith  th is  m odel to  analyze th e  effects 
o f  a fin ite  c u rre n t sheet o f  a rb it ra ry  le n g th . T h e  m agnetic  fie ld  in  th is  model is g iven  by 
[Priest and Forbes 1990 and Forbes 1990a]
.m h 2y /{z2 + p 2){z2 F q1) 
pqz2{z2 +  h2)B y +  iB x = i  ~ (3.1)
where i =  y j— 1 , z =  x  + iy, h is the  he igh t o f  th e  f lu x  rope, p  and q are the  lower and  upper 
end po in ts  o f  th e  cu rre n t sheet, and m  is  th e  d ipo le  s tre n g th . A p p ly in g  the  fro ze n -flu x  
co n d itio n  re la ted  the  re la tive  s tre n g th  o f  d ip o le  m / I  to  h. p. and q such th a t
m /7  =  2hpq \J (h 2 -  p2){h2 - q2), (3.2)
w here I  is th e  cu rre n t ins ide th e  flu x  rope . In  th e  absence o f  a c u rre n t sheet and w hen  the 
background d ip o le  is placed a t  a  dep th , hb, be low  the photosphere, e q u ilib r ia  occu rre d  a t
m  _  jh +  hb)2
I  2 h ( }
as shown in  F ig u re  3-5 fo r  h b =  1. T h e re  is no e q u ilib r iu m  when m / I  is less th a n  the 
c r it ic a l value, 2 hb, b u t when th e  d ipo le  is on  th e  surface (hb =  0 ), the  c r it ic a l va lue  is zero. 
F u rth e rm o re , th e  lower b ranch  o f  the  e q u ilib r iu m  curve d isappears in to  the s in g u la r ity  o f 
th e  x -ax is , so th e  b ifu rc a tio n  o f  th e  system  is no longer phys ica lly  m eaningfu l.
A s  in  Van Tend and Kuperus’ m odel, th e  f lu x  rope cu rre n t in  th e  w orks o f  Priest and 
Forbes [1990] and  Forbes [1990a] was s t i l l  used as an independent va riab le . As Isenberg et al. 
[1993] po in ted  o u t, the  cu rre n t ins ide the  f lu x  rope  does n o t represent any  fu n d a m e n ta l fa c to r 
th a t  governs th e  system . I ts  va lue  canno t be set independently , b u t m ust be de te rm in e d
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F ig u re  3-5: E q u ilib r iu m  he igh ts  o f  the  flu x  rope as a fu n c tio n  o f  th e  ra t io  o f the  re la tiv e  
d ipo le  s tre n g th . The  dashed curves denote  unstab le  e q u ilib r ia , and /j& is the  d ipo le  d e p th  
below th e  surface in  a r b i t r a r y  u n its  (fro m  Forbes [1990a]).
from  the  b o u n d a ry  c o n d itio n s . T hus , s im p ly  show ing th a t  there is a  nose p o in t in  th e  
e q u ilib r iu m  curve  when th e  f lu x  rope he igh t is p lo tte d  as a func tion  o f  its  cu rre n t is n o t 
su ffic ien t to  prove th e  ex istence o f  a  ca tas trophe . T h is  has been a cause fo r  much con fus ion  
in th e  past, even th o u g h , as we w ill see in  the  next chap te r, the  real c r it ic a l p o in t is n o t 
very fa r  fro m  th a t  tu rn in g  p o in t in  the  he igh t versus c u rre n t curve.
3.8 Ideal-M H D  F lu x  R o p e M odels
A cco rd in g  to  th e  th e o ry  developed by  Thom  [197*2], any  process, like  a flare o r C M E , 
which invo lves a rap id  tra n s it io n  from  a  steady, o r  quasi-steady, s ta te  to  a d ynam ic  s ta te  
co n s titu te s  a catastrophe. Based on th e  p rev ious ideas o f  Van Tend and Kuperus [1979], 
Kaastra [1985], Martens and K uin  [1989], and Van Ballegooijen and Martens  [1989], Forbes 
and Isenberg [1991] developed a tw o -d im ens ion a l id e a l-M H D  force-free f lu x  rope m ode l fo r  
e rup tions . In  th is  m ode l, a c u rre n t-c a rry in g  f lu x  rope is nested w ith in  an arcade, and th e
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reconnection in the co rona  is p ro h ib ite d , so th a t  a c u rre n t sheet can fo rm  p rio r to  th e  onset 
o f  th e  e ru p tio n . T h e  frozen -flux  co n d itio n  a t th e  flu x -ro p e  surface is used to  de te rm ine  the 
cu rre n t flow ing  w ith in  th e  rope as a fu n c tio n  o f  the  b o u n d a ry  co n d itio n s  a t the photosphere.
In  th e  absence o f s ig n ifica n t pressure g rad ien ts  o r  g ra v ity , the  e q u ilib r iu m  con figu ra tio n  in
the co rona  is governed by  the s ta tic  M H D  equa tions fo r  a force-free fie ld:
j  x  B  =  0, (3.4)
J =  f ^ x  B ,  (3.5)
47r
where B  and j  are the  m agnetic fie ld  and the  cu rre n t dens ity , respectively. In  a tw o- 
d im ensiona l system w ith  tra n s la tio n a l sym m e try , these tw o  equa tions can be com bined and 
fu r th e r  s im p lified  in to  th e  G rad -S ha franov equa tion
v 2 '4  +  H t = °  (3 -6)
in the  sem i-in fin ite  x-y  plane w ith  y  > 0, where B z is th e  fie ld  perpend icu la r to  the  x-y  
plane and .4(x, y) is th e  flu x  fu n c tio n  defined by
{Bt , By, B s) =  [ | £ t -  B - ( .4 ) j .  (3.7)
The surface a t y =  0 corresponds to  the  photosphere. E q u a tio n  (3.6) is then usua lly  used 
to  co n s tru c t an e vo lu tio n a ry  sequence o f  force-free e q u ilib r ia  in  response to  quas i-s ta tic  
changes in  the  photosphere, i.e., changes th a t  occu r on tim e-scales much greater th a n  the 
tim e  fo r  m agnetoacoustic waves to  traverse  the  co n fig u ra tio n .
T h e  equ ilib rium  m agnetic  co n fig u ra tio n  is ob ta ine d  by s e ttin g  th e  to ta l force ac ting
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on th e  f lu x  rope to  zero. In  a tw o -d im ens ion a l force-free co n fig u ra tio n  w ith  tra n s la tio n a l 
s ym m e try , the  to ta l fo rce  per u n it leng th  a c tin g  on th e  flu x  rope is
F  tot = ^ J  l < j f x B f )da +  y j < j f x B e)da, (3 .8 )
w here S  ind ica tes th e  region occupied by th e  rope and a is the area o f  S .  j /  is the  c u rre n t 
d e n s ity  inside the  f lu x  rope, and B /  and B e are th e  m agnetic fie lds due to  the  in te rn a l 
c u rre n t o f  the  flu x  rope  and the e x te rn a l c u rre n t ou ts ide  the  f lu x  rope , respectively. G en­
e ra lly , the  area a and rad ius  ro o f  th e  f lu x  rope are assumed to  be sm a ll enough to  m ake 
the  e x te rn a l field B e e ffec tive ly  u n ifo rm  w ith in  the  f lu x  rope. T h is  assum ption  d issoc i­
ates th e  co n d itio n  fo r  e q u ilib r ia  to  in to  tw o  separate cond itions : one fo r  the in te rn a l, lo ca l 
e q u ilib r iu m , given by
j / x B /  =  0 , (3 .9)
and one fo r  the e x te rn a l, g loba l e q u ilib r iu m , g iven by
F  =  ——^ -y =  0 , (3 .10)
c
w here F  is the  e x te rn a l force per u n it  leng th , B e is the  ex te rna l field eva lua ted  a t th e  ce n te r 
o f  th e  f lu x  rope, and /  is the  c u rre n t s tre n g th  inside th e  f lu x  rope,
Since I  is n o t zero, e qua tio n  (3.10) requires
B e =  0. (3 .12 )
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T h is  c o n d itio n  prescribes the  g loba l e q u ilib r ia  in  response to  th e  slow  change o f  the  b o u n d a ry  
c o n d itio n s  a t the  photosphere. T h e  a d ju s tm e n t o f  the  f lu x  rope rad ius , ro , and area, a, is 
p rescribed  by the  in te rn a l e q u ilib r iu m  c o n d itio n  (3 .9) w h ich  establishes the re la tio n  o f  r 0 
to  I .
T h e  evo lu tion  o f  th is  system g e n e ra lly  takes tw o  stages: the  f ir s t  stage stores energy, 
w h ile  th e  second releases i t .  D u r in g  th e  storage phase, the  convective  m o tio n  o f pho tospheric  
m a te r ia l bu ilds up stress in  the co ro n a l fie ld  and leads to  th e  storage o f  m agnetic  energy. The 
e v o lu tio n  is so slow  (w ith  a tim e-sca le  o f  pho tosp he ric  m o tions) th a t  i t  can be regarded as 
q u a s i-s ta tic . D u r in g  th e  second, e ru p tiv e  phase, m echan ica l e q u ilib r iu m  is lost, th e  system  
evolves ra p id ly  over an A lfve n  t im e  scale. I t  is d u r in g  th is  second phase th a t the  f lu x  rope 
is e jected upw ard and th a t  the  m a g n e tic  energy s to re d  in  th e  system  is released. S ince the 
e v o lu tio n  d u r in g  the  e jec tion  is m uch fas te r th a n  th e  ra te  a t  w h ich th e  energy is trans fe rred  
fro m  th e  photosphere to  the co rona , the  tra n s fe r o f  energy from  th e  photosphere to  the 
co ro n a  is com p le te ly  neg lig ib le  d u r in g  the  e ru p tio n  itse lf.
3 .8 .1  B o u n d a r y  C o n d i t io n s ,  E n e r g e t i c s  a n d  C r i t i c a l  R a d iu s
F o r th e ir  m odel, Forbes and Isenberg [1991] chose th e  b o u n d a ry  co n d itio n
A(ar, 0) =  ^ ^ 2  - W ) ,  (3-13)
on th e  pho tospheric  surface, w here m  and d a re  cons tan ts  and o(t)  is a s low ly  va ry in g  
fu n c tio n  o f  tim e . T h is  bounda ry  c o n d it io n  is th e  sam e as th a t  p roduced by a line  d ip o le  o f 
s tre n g th  m  located a t a  depth  o f  d be low  the pho tosp he re . T h e  fu n c tio n  4>{t) governs the 
m agne tic  f lu x  tra n s p o rte d  from  th e  photosphere to  the  co rona  th ro u g h  reconnection  a t  the 
p o in t (0 , 0 ), and thus  i t  param eterizes the  s to rage  o f  m agne tic  energy'.
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W ith  the reconnection o c c u rr in g  a t p o in t (0, 0 ), m agnetic  f lu x , © (f) , is successively 
tra n sp o rte d  in to  th e  corona l fie ld  and the  system  evolves a long  th e  e q u ilib r iu m  curve  g iven 
in  th e  lower panel o f  F igu re  3 -6 . T h is  figure  shows fou r d iffe re n t stages in  an e vo lu tio n a ry  
sequence. Panels 1  th ro u g h  3 in  th e  upper p a rt o f  F igu re  3-6 show  the q u a s i-s ta tic  evo lu tion  
a long  the  e q u ilib r iu m  curve fro m  a nearly p o te n tia l co n fig u ra tio n  up to  th e  ca tas trophe - 
p o in t co n fig u ra tio n . Because reconnection  is fo rb idden  in  th is  m odel, a s h o rt c u rre n t sheet 
a tta ch e d  to  the  base develops a fte r  an X -p o in t appears p r io r  to  the  loss o f  e q u ilib r iu m .
In  the  zero-,3 l im it  (co rrespond ing  to  a s tro n g  m agnetic  fie ld ), the  c u rre n t sheet in  
F ig u re  3-6 is in fin ite s im a lly  th in ,  so the  f lu x  reconnected a t th e  photosphere im m e d ia te ly  
appea rs a t the  to p  o f  th e  c u rre n t sheet. Fo r a su ffic ie n tly  sm a ll f lu x  rope ra d iu s  (less than  
one -thou sand th  o f  th e  scale le n g th ), the  e q u ilib r iu m  curve becomes m u lti-va lu e d  w ith  a 
tu rn in g , o r nose p o in t as shown in  the b o tto m  panel. As m entioned p rev ious ly , a m u lti­
va lued e q u ilib r iu m  cu rve  w ith  a  tu rn in g  p o in t does no t necessarily prove the  presence o f  a 
ca ta s tro p h e  since one also m us t show th a t the  system  can a c tu a lly  be d rive n  beyond th is  
p o in t by the e vo lu tio n  o f  the b o u n d a ry  co nd ition s . Because Forbes and Isenberg [1991] used 
d>, w h ich  is an independent va ria b le  and em bodies the  changes o ccu rrin g  a t the  photosphere, 
th e  e q u ilib r iu m  curve  t r u ly  describes the e vo lu tio n  o f  the  system  in  response to  th e  change 
o f  th e  boundary  cond ition s . T h u s , th e  tu rn in g  p o in t is a phys ica lly  m ean ing fu l one a t which 
th e  system  undergoes an a b ru p t tra n s it io n  fro m  th e  lower e q u ilib r iu m  (pane l 3) to  the  upper 
e q u ilib r iu m  (panel 4 ).
However, th is  m odel tre a te d  th e  f lu x  rope as an incom pressib le  line  c u rre n t w ith  a 
c o n s ta n t fin ite  rad ius, w h ile  th e  p lasm a e x te r io r  to  the  f lu x  rope was h ig h ly  com pressible 
(co rrespond ing  to  p lasm a 0  —> 0 ). So, th is  m ode l d id  no t tre a t  the  regions in te r io r  and 
e x te r io r  to  the  f lu x  rope in a se lf-consistent m anner.
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F ig u re  3-6: M a g n e tic  co n figu ra tio ns  a t various stages in  the a n a ly tica l so lu tio n  o f Forbes 
and Isenberg [1991]. A  ca ta s tro p h ic  loss o f  e q u ilib r iu m  occurs when the  e v o lu tio n  reaches 
the  c r it ic a l co n fig u ra tio n  o f panel 3. T h e  b o tto m  panel shows th e  e q u ilib r iu m  fila m e n t 
he igh t as a fu n c tio n  o f  the  s to red  m agne tic  energy. T h e  dashed line  is the  expected flu x  
rope tra je c to ry  w hen the  system  reaches th e  c r it ic a l p o in t (from  Forbes [1991]).
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3 .8 .2  S y s t e m  w i t h  Q u a d r a p o la r  B o u n d a r y  C o n d i t io n
T he  lim ita t io n  o f  th e  Forbes and Isenberg’s [1991] m odel encouraged them  to  investiga te  
m ore re a lis tic  s itu a tio n s . O f m ost concern, was th e  fa c t th a t  the  c r it ic a l rad ius , r c, is 
u n re a lis tica lly  sm a ll, be ing  less th a n  1 0 - 3  tim es th e  g loba l scale leng th  o f the  c o n fig u ra tio n . 
T h is  sm a ll rad ius im p lie s  an u n re a lis tic a lly  s tro n g  m agnetic  fie ld  on the surface o f  the f lu x  
rope in  excess o f  10° Gauss [Forbes and Isenberg 1991], whereas the  ac tua l fie ld  is very 
u n like ly  to  exceed 103  Gauss.
To im prove  th e ir  m odel, Isenberg et al. [1993] replaced th e  incom pressib le  f lu x  rope 
w ith  a p ro p e r fo rce-free  m agnetic f lu x  rope whose c u rre n t and rad ius are se lf-cons is ten tly  
de te rm ined  from  th e  quas i-s ta tic  M H D  equations fo llo w in g  the  p rescrip tion  g iven  by Parker 
[1974]. T h e  d ip o la r b o u n d a ry  c o n d it io n  was a lso  replaced w ith  a q u a d ra p o la r bounda ry  
c o n d it io n  in  the e xp e c ta tio n  th a t th is  w ould g ive  a m ore  reasonable radius fo r  ca ta s tro p h ic  
behav io r. In  the q u a d ru p o le  m odel, th e  b o u n d a ry  c o n d itio n  (3.13) becomes
<»•“ >
where d is a constan t and  m  is a s lo w ly  va ry ing  fu n c tio n  o f tim e . T h is  b o u n d a ry  cond ition  
represents a fie ld equ iva le n t to  th a t  produced by  a tw o-d im ens iona l m agnetic  quadrapo le  
o f  s tre n g th  m  below th e  photosphere a t a dep th  d.  As we can see, the  b o u n d a ry  cond ition  
(3 .14) corresponds to  a m agnetic fie ld  which fa lls  o f f  w ith  he igh t as i/~3, fa s te r than  the  
tw o -d im ens iona l d ip o la r  fie ld  w h ich fa lls  o ff  w ith  h e ig h t as y - 2 . T h is  difference im proves the  
ca ta s tro p h e  behavio r o f  the  system . T h e  c r it ic a l ra d iu s  required fo r  ca tas trophe  increases. 
T h e  prev ious model e xh ib ite d  a c a ta s tro p h ic  loss o f  e q u ilib r iu m  o n ly  fo r ra d ii less th a n  the 
im p la u s ib ly  sm all va lue  o f  10- 3  t im e s  th e  g loba l scale leng th . In  th e  quad rupo le  m odel, on
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th e  o th e r  hand, a loss o f  e q u ilib r iu m  can occur fo r  ra d ii less th a n  0-23 tim es o f  th e  g loba l 
scale le n g th  — m ore th a n  tw o o rd e rs  o f  m agn itudes la rg e r than th a t  in  the p rev ious  m odel. 
T h e  m a g n e tic  field a t  th e  surface o f  th e  f lu x  rope is now  less than  500 Gauss, s t i l l  som ew hat 
h igh.
A n o th e r  im p o r ta n t o u tp u t fro m  th e  second m odel is th a t i t  estab lished th a t  id e a l-M H D  
ca tas trophe s  do e x is t in  force-free m a g n e tic  co n fig u ra tio n s . Before Forbes and  Isenberg 
[1991], Klimchuk and Sturrock [1989] had questioned w he ther a p u re ly  fo rce-free fie ld  can 
ever e x h ib it  an idea l M H D  ca ta s tro p h e . U pon re -exam in ing  an e a rlie r force-free con figu ra ­
tio n  b y  Low  [1977], th e y  found th a t  th e  ca ta s tro p h e -like  behavio r w h ich  o ccu rre d  in  th a t 
co n fig u ra tio n  was an a r t ifa c t  o f  th e  s o lu tio n  m ethod used by Low [1977]. So, Sturrock  [1989] 
was led to  speculate th a t  on ly  non -fo rce -free  system  can e xh ib it ca ta s tro p h ic  b e h a v io r, bu t 
Isenberg et al. [1993] con firm ed th a t  a p u re ly  fo rce-free field s t i l l  can e x h ib it ca ta s tro p h ic  
behav io r.
3.8.3 System  w ith  T w o-Point Source B oundary C ondition
E ncouraged by the  resu lts  from  q u a d ra p o le  m odel, Forbes et al. [1994] used va ria tio n a l 
ca lcu lus m ethods to  de te rm ine  th e  o p t im a l b o u n d a ry  co n d itio n  fo r  ca ta s tro p h e  behavio r,
i.e., a b o u n d a ry  c o n d it io n  which w o u ld  m axim ize  th e  released m agne tic  energy b y  an ideal- 
M H D  ca tas trophe . T h e y  found th a t  fo r  a s im p ly-connected  background fie ld  (n a m e ly  a ll 
fie ld  lines cross the  ax is  o f  s y m m e try  and ro o t in  th e  photosphere as in  a s im p le  arcade), 
the  fie ld  produced b y  tw o  p o in t m a g n e tic  charges gave the g rea tes t energy release as a 
percentage o f  the  to ta l free energy o f  th e  system . In  te rm s o f  th e  vec to r p o te n tia l,  th is
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boundary  co n d itio n  is s im p ly :
A (x ,  0) =  A oH (X  — |x |) , (3 .15)
w here  H  is th e  Heaviside s tep  fu n c tio n . .4o is th e  net f lu x  th ro u g h  th e  photosphere in  the  
reg ion x >  0 (o r equ iva len tly , the  value o f  A  a t the  o rig in ), and A is th e  d is tance  between tw o  
p o in t sources o f  opposite  p o la r ity . T he  e q u ilib r iu m  curve and the m agne tic  co n figu ra tio ns  
a t  d iffe ren t e vo lu tio n a ry  stages are shown in  F ig u re  3-7.
M agnetic  reconnection in  a ll o f  the  above models is p roh ib ited , so, th e  m agne tic  tension 
associated w ith  the  cu rre n t sheet which fo rm s attached to  the  bounda ry  surface can a lw ays 
be s trong  enough to  prevent th e  f lu x  rope fro m  escaping. A lso  w ith o u t reconnection , o n ly  
a  sm a ll fra c tio n  o f  the to ta l s to red  m agnetic  energy is released d u rin g  th e  id e a l-M H D  ju m p  
between the tu rn in g  p o in t and upper e q u ilib r iu m  sta te . T he  m a x im a  o f  th e  fra c tio n  o f 
energy released fo r  the b o u n d a ry  cond ition s  o f  d ipo le , quadrupo le , hexapo le, and tw o  p o in t 
source are 0.99% , 5.78%, 8.33% , and 8.58%, respectively. Forbes [1994] also considered the  
m ax im um  energy which can be released fo r non-s im p ly connected backg round  fie ld , and 
found  th a t the  energy w h ich  cou ld  be released could, in  p rinc ip le , be as la rge  as *20.76% o f  
th e  to ta l free energy.
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(d) A  =  0.97
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F igure  3 -7 : (a) F lu x -ro p e  he ight, ft, as a fu n c tio n  o f  th e  separa tion  ha lf-d is tance , A, between 
the pho tospheric  sources. The  dashed section  o f  the  curve  ind ica tes th e  reg ion w h ich is 
bypassed because o f  th e  ju m p  a t the  c r it ic a l p o in t. F igu res  (b ), (c), and (d ) show  m agnetic  
co n figu ra tio ns  in the  ar-y plane a t th e  th ree  loca tions  ind ica ted  in (a) ( fro m  Forbes and  
Priest [1995 ]).
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Chapter 4
The Effects of Reconnection on the 
Dipole Model
In  th is  chap te r, we present the  f irs t  o f  new research p ro jec ts  th a t im proves the  m odels by 
in c lu d in g  p h ys ica lly  im p o r ta n t effects th a t  were p re v io u s ly  ignored. T h e  f ir s t  o f  these e ffec ts  
is m agne tic  reconnection .
4.1 In trod u ction
I f  reconnection  is p ro h ib ite d , i t  is im poss ib le  fo r  the  f lu x  rope to  escape to  in f in ity  in  th e  
tw o -d im ens ion a l m odels. W h e th e r th is  is s t i l l  t ru e  fo r  three d im ensiona l m odels rem a ins  
unknow n . Escape is p revented  by th e  m agne tic  tens ion  associated w ith  th e  deve lopm ent o f  a 
c u rre n t sheet a tta ch e d  to  th e  b o u n d a ry  surface. F o r some specific bound a ry  con d itio n s , th is  
a ttached  c u rre n t sheet m ay fo rm  before th e  loss o f  e q u ilib r iu m  (e.g. Forbes and Isenberg 
[1991] w h ile  fo r  o the rs  i t  m ay fo rm  a fte rw a rd s ). N um erica l experim en ts  also show  th e  
deve lopm ent o f  th is  c u rre n t sheet fo llo w in g  a ju m p  [Forbes 1990b and 1991]. H ow ever, due  
to  th e  f in ite  size o f  th e  num erica l box, th e  s im u la tio n  canno t run long  enough to  in ve s tig a te  
the  fu ll e v o lu tio n  o f  th e  sheet. T h u s , a s im p lif ie d  a n a ly tica l so lu tio n  should p ro v id e  th e  
in fo rm a tio n  th a t  a s im u la tio n  canno t.
T h e  e lec trica l c o n d u c t iv ity  o f  th e  co rona l p lasm a, a lthough  h igh , is n o t in fin ite . T h e re ­
fore, d iss ip a tio n  o f  the  m agne tic  fie ld  in  th e  co rona  is n o t com p le te ly  prevented . G e n e ra lly ,
48
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the fo llo w in g  in e q u a lity  holds
tp ^> t r ^> ta , (4.1)
where r p , t r ,  and r A  are  the  tim e  scales o f  pho tospheric  m o tion , m agne tic  reconnection , 
and A lfv e n  wave p ro p a g a tio n , respective ly. T h u s , d u r in g  energy sto rage before the loss o f  
e q u ilib r iu m , no extensive cu rre n t sheet can develop because th e  rate a t w h ich  i t  is d iss ipa ted  
by reconnection  is fas te r than  the ra te  a t w h ich  i t  is b u ilt  up by photospheric  m otions. O nce 
the e q u ilib r iu m  is los t, and  the  flu x  rope ju m p s  upw ard, th e  evo lu tion  occurs a t A lfve n  tim e  
scale, 7-4 , w h ich  is less th a n  t r , so a c u rre n t sheet m ust fo rm  once an X - lin e  appears.
4.2 C on stru ction  o f  the M o d el
In  o rde r to  inc lude the  reconnection process, i t  is necessary to  consider a co n fig u ra tio n  w ith  
a cu rre n t sheet th a t is detached from  th e  surface. T he  analysis w ith  a  detached c u rre n t 
sheet is m uch more com p lica ted  m a th e m a tic a lly  because i t  conta ins m ixed  D ir ic h le t and 
N eum ann b ound a ry  co n d itio n s . One w a y  to  solve i t  is to  trans fo rm  th e  m ixed b o u n d a ry  
value p rob lem  in to  a s in g u la r in teg ra l eq u a tio n  th a t can be solved by using the m e thod  
developed by  Muskhelishvili [1953]. In  genera l, a  closed so lu tio n  fo r th is  in teg ra l equa tio n  
does no t e x is t, bu t can be found in some specific  cases.
4.2.1 B asic  D escription
T he  m odel we consider in  th is  chapter consists o f  a tw o-d im ensiona l m agne tic  co n fig u ra tio n  
in  the  se m i- in fin ite  x -y  p lane w ith  y  =  0  be ing the pho tospheric  b o u n d a ry  and y  > 0  
co rrespond ing  to  the co rona . A t  any g iven  tim e  t a force-free flu x -rope  w ith  rad ius tq is 
located a t h e igh t h on th e  y -ax is . Below  i t  the re  m ay ex is t a detached v e rtic a l cu rre n t sheet
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along th e  y  axis w ith  its  lower t ip  a t y =  p  and its  uppe r t ip  a t y =  q as show n in  F igu re  
3-4. A s  discussed previously, reconnection  canno t be p roh ib ited  in  th e  co rona  due  to  the 
fin ite  p lasm a c o n d u c tiv ity .
T o  dea l w ith  the dynam ics o f th e  e ru p tio n , we m ake the  fo llow ing  assum ptions :
1 . T h e  f lu x  rope is trea ted  as a p ro je c tile  and th e  generation o f  M H D  waves (e.g., a 
shock wave) by its  m o tio n  is ignored .
2. A l l  the  m agnetic energy released goes in to  acce lera ting  the flu x  rope. E n e rg y  los t to  
ra d ia tio n , heating, and chrom ospheric  evapo ra tio n  is ignored.
3. G as pressure is neglig ib le  com pared to  m agnetic  pressure except in  the  reconnection  
region.
4. T h e  o n ly  s ign ifican t cu rren ts  in  th e  corona are in  the  flu x  rope and the  reconnecting  
cu rre n t sheet o f  zero thickness.
5. G ra v ita t io n  is ignored. (T h is  is done fo r  s im p lic ity .)
6 . T h e  reconnection ra te , as p rescribed  by the  in flo w  A lfven  M ach num ber M a  a t  the  
m id p o in t o f  the  cu rre n t sheet, is g iven . In  the fo llo w in g  w ork, we w ill assume th a t  M .4 is 
cons tan t and in  the range between 0  and 1 , b u t m ore  com plica ted m odels, such as those 
due to  Svveet-Parker [Su?eef 1958; Parker  1957 and 1963] and Petschek [1964], can eas ily  be 
inco rp o ra te d .
T h e  e rro rs  generated by the s im p lify in g  assum ptions ( 1 ) th ro u g h  (4) can be ro u g h ly  
estim a ted  by com paring  the resu lts o f  o u r m odel w ith  th e  num erical s im u la tio n  b y  Forbes 
[1991], w ho  used the  fu ll set o f com pressib le , res istive  M H D  equations to  te s t th e  f lu x  
rope m ode l. The  s im u la tio n  shows th a t  o n ly  a b o u t h a lf  o f the  released m agne tic  energy 
is a c tu a lly  converted in to  the  k in e tic  energy o f the  f lu x  rope, and the  o th e r h a lf  goes in to  
heating , ra d ia tio n , and th e  genera tion  o f  M H D  waves. Thus o u r m odel ove res tim a tes  the
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speed a t w h ich  the f lu x  rope moves, b u t fo r  any g iven ra te  o f  reconnection , M A, the  m ode l 
does p ro v id e  an upper l im i t  on how  fas t the  s to red  m agnetic  energy can  be released.
4.2.2 Form ulation
In o u r fo rm u la tio n , we do  not address the  question  o f  where the p rom inence  m a te r ia l is 
located re la tive  to  th e  c u rre n t c a rry in g  region th a t  co n s titu te s  the f lu x  rope. A lth o u g h  i t  
may be th a t  the  tw o  co inc ide , i t  is m o re  like ly  th a t  th e y  do no t. O bse rva tions  show th a t  the  
upward m o tio n  o f the  prom inence u su a lly  lags th e  upw ard  m otion  o f  th e  ove rly ing  reg ion  
by several m inutes. T h is  lag  suggests th a t  the  j  x  B  force th a t accelerates m a te ria l u p w a rd  
f irs t appears a t a lt itu d e s  h igher th a n  the  prom inence its e lf  [Hundhau-sen 1988].
I f  o u r  m odel p rob lem  were q u a s i-s ta tic , ra th e r th a n  dynam ic , assum ption  (4) w o u ld  
a u to m a tic a lly  fo llow  fro m  assum ption  (3 ). H owever, since th is  is n o t th e  case, the use o f  a 
q u a s i-s ta tic  type  s o lu tio n  to  model th e  c u rre n t sheet co n s titu te s  an a d d it io n a l assum ption . 
Because we assume th e  ra te  o f reconnection  to  be given (assum ption  6 ), a  deta iled  descrip ­
tio n  o f  th e  flow  and fie ld  w ith in  th e  c u rre n t sheet is no t needed. A l l  th a t  is required is an 
e s tim a tio n , a t the lo ca tio n  o f  the f lu x  rope, o f  the  com ponen t o f  the  fie ld  due to  the c u rre n t 
in  the sheet.
W ith  th e  above assum ptions, th e  m agne tic  co n fig u ra tio n  in  ou r sys te m  is s t i l l  described 
by e ith e r equations (3 .4 ) and (3 .5 ), o r  equa tions (3.6) and (3 .7), w ith  the  a p p ro p ria te  
bound a ry  cond itions. U sua lly , e q u a tio n  (3.6) is re -w r itte n  as
V 2A  =  - ^ - j z (x, y ) ,  (4 .2 )
where j z is the  r  com ponen t o f  th e  c u rre n t d e n s ity  in  th e  corona. T h is  cu rren t d e n s ity  
consists o f  tw o  parts : th a t  inside th e  f lu x  rope, j j { x ,  y), and th a t in s ide  th e  cu rre n t sheet,
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jc (x .  y)i such th a t
j z ( x ,  y ) = j f (x , y ) + j c{x , y).  (4.3)
Since the ra d iu s  o f  the  f lu x  rope  is sm all, th e  m agne tic  fie ld  is a p p ro x im a te ly  th e  same as 
th a t  produced by  a line c u rre n t o f  s treng th  I  loca ted  a t (0, h), and  th e  ex te rna l fie ld  on the  
f lu x  rope can be a p p ro x im a te ly  evaluated a t  th e  cen te r o f  the  f lu x  rope, (0, h).  Therefore, 
we have
3 j i x -< y) =  I{h)5{x)5{y  -  6 ), (4.4)
prov ided  |(/ — h| i-q. Here S is the  D ira c  d e lta - fu n c tio n . A s  fo r  the c u rre n t sheet, its
th ickness is sm a ll com pared to  th e  scales in 'o th e r  d irec tions , so we have
jc(x , y) =  K s { y ) S { x ) [ H { y - p )  -  H { y -  r/)], (4.5)
where H  is th e  Heaviside s te p -fu n c tio n , and K $  is th e  surface c u rre n t density  in  th e  cu rren t 
sheet w h ich ex tends from  th e  low er t ip  y =  p  to  the  uppe r t ip  y  — q.
4.2 .3  Formal Solution for the F lux Function
A  general fo rm  o f  so lu tio n  fo r  equa tion  (4.2) in  dom a in  —oo <  x  <  oo. 0 <  y  <  oo is
1 fo o  1 roo  Q Q
y) = -  /  G {x , y: u, v ) j=(u, v ) d v d u + —  /  A (u ,  0 )-^— 1„ = 0  du, (4.6)
C  J —oo J Q  471" J — c o  u U
where G '(x, y; u, v) is the tw o -d im ens ion a l G reen :s fu n c tio n  fo r  the  D ir ic h le t p rob lem :
(x — u)2 +  (y +  u)
G (x ,  y; u, v ) =  In
(x  — u)2 +  {y — v )2
(4.7)
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w hich  satisfies
G ( x , 0; u , v) =  G{x, y; u, 0) =  0.
S u b s t itu t in g  equations (4 .3 ), (4 .4), (4 .5 ), and (4.7) in to  equation (4 .6 ) gives
x 2 + (y +  h )‘A (x ,  y) =  ^  | . /
i  r
+  7r  7 -co  (a: -  u)2 +  y 2 '
x 2 + {y ~  h)2
A (u , 0 )ydu
+  / , , n  [ ^ ± k ± 2|J
Jp \ x 2 +  ( y -  t>)-
K s (v)dv
(4 .8 )
where F0 is a constan t and  has the d im ens ion  o f  cu rre n t in tens ity . J  =  I / Iq, K s{y )  =  
Ks(y)/I<Or an(f -4(.r. 0) is th e  boundary c o n d it io n  on the  photosphere.
We requ ire  th a t the  transverse field a long  the  c u rre n t sheet vanish, nam ely  Bx (0, y) =  
5 .4 (0 , y ) / d y  =  0 fo r p <  y  < q. T a k in g  the  p a r t ia l d e riva tive  on A (x ,  y) in (4.8) w ith  
respect to  y  and se ttin g  x  =  0 , we get
5 .4 (0 , y ) 
d y
Iq f  A.Jh n  4 u A 's (u )d e ]  1 u2 — y 2
r t \ h 2 -  y2 +  Jp v 2 -  y 2 (u2 + y 2)2 } ( *
S e ttin g  Bx (0, y) =  5 .4(0. y ) / 5 y  =  0 fo r p  < y < q gives
f i  4 vK s{v )d v  c Z-00 y 2 — u 2 , ,  n. , 4J h
/   o o =  7 —  /  0)du —
Jp v ~ — y~ la* J - oo ( « 2 +  y 2 ) 2 h 2 -  y 2 p < y  <q-
In te g ra tin g  b y  pa rts  over th e  f irs t te rm  a t  the  r ig h t hand side o f  th is equa tio n  leads to
H 4 v K s (v )d v  _  c n  
Jp V2 — y 2 I0 7T J - c
u d A (u ,  0) , 4J h
-du —
u2 +  y 2 du h2 -  y 2 p < y  < Q , (4-10)
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w h ich  is a  s ingu la r in te g ra l e q u a tio n  a b o u t K s(y ) -  Muskkelishvili [1953] analyzed th is  class 
o f  e qua tio ns  in d e ta il,  and X u  [1992] o u tlin e d  the  genera l m ethod fo r  a p p ly in g  Muskhel- 
ishvilVs analysis. S o lv ing  equa tio n  (4.10) is usua lly  ve ry  d iff ic u lt and ted ious. W h e th e r a 
closed fo rm  fo r K s { y ), as well as one fo r -4(ar, y) in (4 .8 ) exists depends on the  fu n c tio n a l 
b e h a v io r o f  .4 ( r ,  0 ).
4 .3  E ffects o f  R econ n ection  on  th e  C ritical R adius
X u  [1992] d id  n o t a c tu a lly  find  a s o lu tio n  fo r  (4.8) in  a closed form  due to  the  fa c t th a t  he 
chose b o und a ry  co n d itio n s  th a t m ade i t  d if f ic u lt  to  com p le te  the essentia l in teg ra ls . In  o u r 
w o rk , we are e x tend in g  A V s  [1992] w o rk  to  as close to  the  fina l fo rm  as possible. F ir s t  o f  
a ll, cons ide ring  the  in e q u a lity  (4 .1 ), we are re -ca lcu la tin g  the  c r it ic a l rad ius  o f  the  f lu x  rope 
fo r th e  d ip o la r b o u n d a ry  co n d itio n .
A s  X u  [1992] d id , we s t il l use the  b o u n d a ry  c o n d itio n  (3.13) w h ich  corresponds to  a 
tw o -d im ens ion a l d ip o le  [Forbes and  Isenberg 1991]. F o r s im p lic ity , we use the  d e p th  d  as 
the  le n g th  scale and a ll lengths in  th e  ca lcu la tio n  are norm alized to  i t .  We also n o rm a lize  
the  d ip o le  s tre n g th  m  to  the c u rre n t s tre n g th  Iq such th a t  me  =  4 /od , w here c is th e  lig h t 
speed. So, the b o u n d a ry  co n d itio n  (3.13) becomes
-4 ^ >  ° )  =  7 3 T T - ^ -  (4 ‘ U )c x L -f- 1
S u b s titu t in g  (4 .11) in to  (4 .9) and (4.10) y ie lds
s * (°, y) = ^ j J  f  1 1  \  rq v K s (v )d v  1 f 00 u — y du2  \ h  -  y  h  - f  y )  +  Jp v2 -  y 2 +  7r J - <*, ( u2 +  y 2)2 u2 +  1
(4 .12)
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and
rq vA 's (v )d v  _  J h  1 r°° v
Jp V2 — 1,2 h2 — y 2 K J - c o  (  u
u — y du
2 4- y2)2 u 2 4 - 1 p < y < q ,
(4 .13)
respective ly . T he  f irs t  te rm  in th e  parentheses o f  equa tion  (4.12) is th e  c o n tr ib u tio n  fro m  
the  c u rre n t inside th e  f lu x  rope. S u b tra c t in g  th is  te rm  fro m  (4.12) g ives the e x te rn a l fie ld  
a c tin g  on the  flu x  rope m entioned in  (3 .10 ):
4 / q
cd
J  f q v K s { u ) d v  1  r°° u2 — h2 du
4 h +  Jp v2 —  h 2 j t  J-.^c (u 2 +  h2) 2 u2 4 -1
(4 .14)
S e tt in g  Be =  0 de te rm in e s  the  g lo b a l e q u ilib r iu m .
B e fo re  the  loss o f  e q u ilib r iu m , no  c u rre n t sheet ex is ts  due to  (4 .1 ). S e ttin g  B e =  0 and 
K s  =  0  in  the  re levan t equa tions above  gives
2J
2 h (h 4- l ) 2
=  0 . (4 .15)
T h e  co rrespond ing  f lu x  between th e  f lu x  rope surface and the  pho tosphe re  is [Forbes and  
Isenberg 1991]:
2 / o r , ,  /  2 A \  2h ,
* = — r - u j - E + i J ’ ( 4 - i 6 )
w here ro is the  ra d iu s  o f  the  f lu x  rope . T h is  rad ius was trea ted  as a  cons tan t by  Forbes 
and Isenberg [1991], b u t i t  is no t co n s is te n t in  a com pressive plasm a and  m ust be a d ju s te d  
a cco rd in g  to  the c u rre n t inside th e  f lu x  rope. T h e  rad ius, r 0, is re la ted  to  J  by
ro =  r0Q/J , (4 .17)
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w here r00 is the  value o f  ro a t  J  =  1. T h is  is a c tu a lly  a rough a p p ro x im a tio n  o f Parker's 
[1974] exac t so lu tio n . T he  accuracy o f  th is  a p p ro x im a tio n  was discussed in  de ta il by Forbes 
and Priest  [1995]. C o m b in a tio n  o f  equations (4.15), (4 .16 ) and (4.17) determ ines the  equ i­
lib r iu m  he igh t, h, o f  the  f lu x  rope as a fu n c tio n  o f <j>.
T o  check i f  a ca tas trophe  m ay occur in  a  system w ith  reasonable param eters, we e lim i­
nate . /  and r0 from  (4.16) by using (4.15) and (4.17), and then  set dd>/dh\ h = h c  =  0, where 
hc is th e  he igh t o f  flu x  rope a t the c r it ic a l p o in t. T h is  leads to
In
8  h i
(hc - f  l ) 2 r 0o
3 -  he 
:2{hc -  1 ) ’ (4.1S)
and fo r ve rv  sm all rQ0 we have
A' - 1 + M 2 7 ^ -  W / r 00) + ' - - -  <4' 19)
C onsequently,
4 ln 2 (2 / r 00)
So, hc is a lw ays la rge r th a n  u n ity , J c is a lw ays less th a n  u n ity , and b o th  approach u n ity  as
J c =  1 -  (4.20)
rQ0 goes to  zero. T he  behavio rs o f  hc and J c are s im ila r to  those in  the  case s tud ied by Forbes 
and Isenberg [1991]. F ig u re  4-1 shows th e  h versus o  cu rve  fo r the d ipo le  fie ld w ith  an X - 
line, ra th e r than  a cu rre n t sheet, p rio r to  e ru p tio n . T h e  reason w hy a p laus ib le  ca tastrophe  
can s t i l l  occu r in  the  case o f  la rge  roo is th a t  no cu rre n t sheet a ttached to  th e  base develops 
d u r in g  q u a s i-s ta tic  phase o f  th e  evo lu tion . There fore , th e  tension force associated w ith  the  
c u rre n t sheet is no t s tro n g  enough to  p reven t a ca tas trophe  from  happening fo r any value 
o f  roo- T h u s , a c r it ic a l rad ius  no longer exis ts  when we assume th a t r R <C r p, instead o f













F igu re  4-1 : E q u ilib r iu m  he ight, h, as a func tion  o f  the  reconnection  flux , ©, fo r roo =  
3.7 x  10- 2 . As the reconnected flu x  ,<?, increases, the  fila m e n t moves a long the low er branch 
o f the  e q u ilib r iu m  cu rve  tow ards  the tu rn in g  p o in t a t p o in t o  m  3, w hich is also th e  c r it ic a l 
p o in t in  th is  case. W hen  th e  c r it ica l p o in t is reached the f lu x  rope  is ejected upw ards.
T r  »  T v .
4.4  T h e  D ip o le  C onfiguration w ith  a D etach ed  Current Sheet
In th is  sec tion , we cons ider the  same fie ld  co n fig u ra tio n  as th a t  o f  Forbes and Isenberg [1991] 
except th a t  here the  c u rre n t sheet is detached from  th e  base.
4 .4 .1  S o lu t io n  f o r  t h e  M a g n e t i c  S t r u c t u r e
A'u [199*2] a lready ob ta in e d  the  so lu tion  o f  equation  (4 .13):
K s {v) =  - - Q(v)
it > /(u 2 — p2){q2 -  v 2)
p < v < r/, (4-21)
where
Q(v) = P o ~ J h ^ ( h 2 - p 2)(h2 - g 2) 2 ^ { u 2 + p 2){u2 + q2) -2k 2 — V2 TT J - o o  (U2 +  V2){U2 +  I ) 2 u 2du, (4.2*2)
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and Pq is an in teg ra l co n s ta n t to  be d e te rm in e d . W e can express Q (v ) in  a closed fo rm , 
b u t we leave the  last te rm  in  (4.2*2) u n in te g ra te d  in  o rd e r to  save space. S u b s titu t in g  (4.21) 
and (4 .22) in to  (4.1*2) gives
J h ^ /{ h 2 -  p2){h2 -  q2)
(h2 -  y2)
i r  >/<;»+ g )(f+f)u2du.
7T . / - o o  ( U ~  +  V 2 ) ( u 2  +  l ) 2
i  y < p
0  p < y  < q
- 1  y  >  q.
(4.23)
We no ticed  th a t Bx (0. y) has s in g u la ritie s  a t the  tw o  tip s  o f  th e  cu rre n t sheet, (0 , p ) and 
(0 , q), unless
= -  f7T J —
h2 +  v? u2du
O O  v /(u2 + p 2)(u2 + q2) (u 2 +  l ) 2
2h2
~  -  l ) * ( , ^ T )  ^ 2 (1" ,2 )(1 + e  “ 2p2)A’(<:') - ?2(p2 - W* 2 “
+  p‘ {h‘ ( r q 2 -  1) -  p‘ VW‘ -  1) -  +  l ] n ( l  -  p‘ , £ ') }  , (4.24)
and
J h *2 f 00 {h2 — p2){h2 — q2) u2du
\ / { u 2 +  p2)(u2 +  q2) (u2 +  1 )"
■2V(h2 - p 2)(h2 - q 2)
irhq(p2 — l ) 2(q2 — 1 ) 
-  q2{p2 — l ) £ ’(Ar/) ] ,
-2 -1  [p2( p V  -  l ) n ( l  -  p2, k') -  p2{q2 -  l ) K ( k ’)
(4.25)
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where k '  =  1 — p /q  , K ,  E ,  and I I  are th e  com plete e llip t ic  in te g ra ls  o f  the  f irs t, second, 
and th ir d  k inds, respective ly . These cond ition s  force th e  fie ld to  have a  co n fig u ra tio n  w ith  
a Y - ty p e  neu tra l p o in t a t each t ip  o f  th e  cu rren t sheet as shown in  F ig u re s  3-4, 4 -2 , e tc .
S u b s titu t in g  (4 .1 1 ), (4 .21 ), (4 .22), (4 .24) and (4.25) in to  (4 .8), we g e t, a fte r  som e ra th e r 
ted ious a lgebra, th e  e x p lic it  expression fo r .4 (x, y ):
where
.4 ( x ,  y )  =
^ . 4 t ( x , y) -  6(t) x 2 +  y 2 > p2








■ l [ a (  h Z i p Q  +  z i H p q  h Z ? p Q  +  z -i H p q  \
2 \ h Z i P Q  —  z i H p q  h Z - z p Q  —  Z 2 H p q  J
2  f 00  udu [  u(q2 — p2)r°°
J —oo (^ 2 +  1)2  \  qUpQ
„2  _ l ^2
+  " h ' 1 & ) ■ & £ ? ] }
-L f  Jf_ I ( u 2 +  P2 ) ( z 2 -  g2 ) 
\ z t \ l  ( u 2 +  q2 ) ( z 2 - p 2 )
{n[sin_I (£)•;2 +  p 2  p+  92 q
u j u2 +  q2
u2 p2 + F
4- ta n ‘ ta n -L P2 ) ( r l  — 9 2) 1 \  f 4 2 -
a2 = 7 {F[si""' ( f ‘) ’f] + F[si"-1 ( j ) ’f]}
-  ^ { n[sin“‘(t)’^ ?]+n
2  r°° udu
TT J-oo {U2 +  l ) 2
u(q2 -  p2)
qUpQ
. _ !  ( Z \ \  P2 {u
m —  ) > T T  \ p  J q2(u
(f) ■£•?]}
p ( 2 +  q2) p
2 4- p2Y q
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+  n
^  u  I uz -h p
<7 V  “ 2  +
P2(««2 +  ^ )  P l l
U ;  ' q H u 2 + P ° - Y q \ ]
{Fh " ' (p ) 'f ]+F[sin' ‘ (?)•?]}
u V (u 2 +  p2) ( - i  - 9 2) j  1 M V ( u 2 + p 2 ) ( - 2  -  <72)+  t a n - '  (  t  1  t a n - ‘ { f  / g  +  ~ ] )  .(4.28)
and
=  1/ +  ix ,  z2 =  y  -  ix,
H pq =  y / (h 2 -  p2){h2 — f/2), OpQ =  \ / ( u2 +  p2){u2 - f  q2).
Z lPQ = ^ / ( z 2 - p 2) ( z ? - q 2). Z 2PQ = j { z l - p 2) { z l - q 2).
Here i =  y /—l,  and F  and IT are the  incom ple te  e llip tic  in teg ra ls  o f the  f irs t  and th ird  k inds, 
respectively. E qua tion  (4 .26) describes .4(x, y ) as a func tion  o f  the param eters  ft, p, and q, 
and i t  has th e  p ro p e rty  th a t  .4 (x , 0) a long the  base boundary is in va ria n t w ith  respect to  the  
values o f  ft, y , and q (i.e., th e  base boundary  is line  tied ). T h e  func tions  -4 i( x ,  y ) in (4 .27), 
.4 2 (x , y ) in  (4 .28 ), and the re fo re  4 ( x ,  y) in  (4.26) are real, even though  they  e x p lic it ly  
con ta in  com p lex  numbers z\  and z2. Equations (4.27) and (4.28) are th e  s im plest fo rm s 
we can achieve, b u t they  s t i l l  con ta in  some in teg ra ls  w h ich canno t be eva luated in closed 
fo rm s. H ow ever, these in te g ra ls  can be in teg ra ted  num erica lly . F igu re  4-2 p lo ts  con tours o f  
.4 (x , y) g iven by  (4.26) w ith  ft =  25, p =  6 , and q =  15 in  a region o f —20 <  x  <  20 and 
0 <  y  <  40 in  th e  u n it o f  d.
Due to  th e  lack o f a closed fo rm  fo r the in teg ra ls  fo r the  d ipo le  b o u n d a ry  cond ition , we 
w ill no t d e te rm in e  the fu ll d yn a m ic  evo lu tion  o f  th is  system  fo llow ing  th e  loss o f  e q u ilib ­
r iu m . Instead , we focus on  tw o  o th e r aspects: the  firs t is w he the r a co n fig u ra tio n  w ith  a 
detached c u rre n t sheet such as th a t  in  F igu re  4-2 can be in  e q u ilib r iu m , and the  second is 
a  d e te rm in a tio n  o f  the m a x im u m  energy th a t can be released by the  id e a l-M H D  ju m p  in






00-1 5 -1 0
X
F igu re  4-2: C o n to u rs  o f the  so lu tio n  fo r th e  f lu x  func tion  .4(ar, y) g iven b y  (4 .26 ). For th is  
con figu ra tio n  h =  25, p =  6 , and  q =  15 in  u n its  o f  d. ind ica tes th e  ce n te r o f  the  f lu x  
rope.
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th is  m ode l.
4 .4 .2  E n e r g e t ic s
S u b s titu t in g  equations (4 .24) and (4 .25 ) in to  (4 .23 ), and co m b in ing  w ith  (4 .14) and  (3 .10), 
yie lds th e  to ta l force per u n it  length a c tin g  on th e  f lu x  rope:
-
(ft2 - p 2)(ft2 -  q 2 )  
hq2{p2 -  1 )2 (q2 -  l ) 2
+
p2{q2
3 -  2q2 +  p2(q2 — 2) -p h2(p2q2 -  1 )
(ft2 -  l ) 2( l - p 2)
2 ft (p  — !)(<? — 1 ) 
( ft2 - p 2) (h2 -  1 )
p2(p2q2 -  1 )
[ K ( k ' ) - n ( i - p 2.k' ) ]
i  f  ft2 +  p2
+
2ft2
4 ft2 \ ft2 - p 2 f t2  - q
p2 — 1 n ( l  -  p2, k') -  p2^ _ ^ - K { k f) -  q2E(k' )  | . (4.29)
We presum e th a t fast reconnection is s t i l l  p ro h ib ite d  as the loss o f  e q u ilib r iu m  occurs, so 
the tension fo rce associated w ith  th e  c u rre n t sheet prevents th e  flu x  rope fro m  escaping. 
Thus, th e re  is an upper e q u ilib r iu m  lo c a tio n  th a t  is de te rm ined  by  se ttin g  F  =  0  in  equation  
(4.29).
As m en tioned  before, th e  ca ta s tro p h e  takes place w ith in  the  A lfve n  tim e  scale, r.4 , and 
the  m agne tic  flu x , <p, is tra n sp o rte d  fro m  below  th e  photosphere to  the  co rona  w ith in  the  
pho tospheric  m o tion  t im e  scale, r p. So, no  m agne tic  f lu x  enters the  corona d u r in g  th e  idea l- 
M H D  ju m p  because o f  (4 .1 ), and tw o  values o f  f lu x  are conserved d u rin g  th e  ju m p . T h e y  
are the  f lu x  between th e  photosphere a n d  the  c u rre n t sheet, <j>\, and the f lu x  between the  
photosphere and the surface o f  the f lu x  rope, 2 , respective ly. F rom  (4.26), we have
f a  =  .4(0, p) -  .4(0, 0)
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<j>2 =  -4(0, h -  r 0) -  -4(0, 0).
T h e  f irs t  conservation leads to
? { PoK (?) “ i y / w - w - w  (£• ?)
+
2K(p/q)
K ( k ' ) + q 2[E(k') -  2 K(k')]  -
^ 9 (9 2 - l )  ' '' L v”  '  “ “ r ; j  1 - p 2
t  °  i n  | V < “ 2+ * 2 > P 1 \
2 , 0  o. f ° °  u du u  |y ( u 2+p2r  qJ \
[ A W - P 2 n ( i - p U - ' ) ]
—  ( n 2  -  n 2 \  f°°  __-
k [(I P 7 -co  ( « 2 +  l ) 2 ^ ( u 2 + p 2)(u2 +  q2) i 
2hc ^  f  h c +  poA  _  yoc 
{hc+  I ) 2 n \ h c - y Qc)  y0c + l ' (4.30)
and the  second conservation  gives
t* [-"(*)■?]
+
-  p») r  t f d u  4 f  [Bin— ( f ) .  g]
nq 7 - c o  ( « 2 +  l ) 2 \ / { u 2 +  p2)(u2 +  q2) irq2{p2 — l ) 2
- i  f  q \  P 
V / i / ’ / i2 ’ ?
{q2( l - p 2)E(k')
+  P2[(2p2 -  q2 -  l ) K { k ' )  -f- (1 — 2p2 +  p V ) IT ( l  -  p 2 , £')]}
, 4 y / ( h 2 - g 2 ) / ( / i 2 - p 2 ) J  h 2 ( h 2 -  p 2)[q2(p2 -  2) +  1] f 2 , _  2 q
7T/i? ( / i 2 -  l ) [ / i 2 (<72 -  1) -  q2 ( p 2 -  1 )] \  p 2 -  1 P  > M
-  # ( * ' ) ]  +  [ W  ~  1) -  <72 (P 2 ~  1 )][A 2A'(A:') -  p 2 I I ( l  -  p 2/ / * 2 , A:')]
V roo /
+ / ic +  1 (4.31)
w here the  r ig h t hand sides o f these equations are  the  values o f  <pi and d>2 o f  th e  system 
a t the  c r it ic a l (nose) p o in t (F igure  4 -1 ), and poc is the  correspond ing value o f  th e  neutra l
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p o in trs he ight. j/o, g iven by
h{h +  3 )(A  — 1) (4.32)
(h 4 -1 ) \ / {h  +  1) [5h — 3) -1-  4h
F or a g iven roo, F  =  0 , to g e th e r w ith  equations (4.30), (4 .31 ), and (4 .3 2 ), de term ines 
the  values o f  h, p, and q o f  th e  upper e q u ilib r iu m  position , hu , p u, and qu , s im u ltaneous ly .
where W c and W u are th e  to ta l energy per u n it leng th  stored in  th e  system  as th e  f lu x  rope 
is located a t the  c r it ic a l p o in t and the  upper e q u ilib r iu m  p o s itio n , respective ly , F(h)  takes 
the  m agn itude  o f F  in  (4 .2 9 ), p  and q are re la ted to  h v ia (4 .30) and (4 .31 ). There fore , a  
general so lu tio n  fo r the e q u ilib r ia  o f  th e  co n fig u ra tio n  w ith  a detached c u rre n t sheet involves 
so lv ing  th ree  coupled tran sce n d e n ta l equations. U n fo rtu n a te ly , the re  is no closed fo rm  fo r 
the  so lu tions  due to  th e  use o f  d ipo le  b o und a ry  cond ition .
4.4.3 A sym ptotic  Solution  for Sm all Radius
Xu  [1992] investigated th e  s itu a tio n  o f  a sm a ll c u rre n t sheet v ia  a sim ple expans ion  o f  these 
equations. We now s tu d y  th e  a s y m p to tic  so lu tions  fo r  sm all rad ius  (roo —>• 0 ) and look fo r 
an a s y m p to tic  re la tio n sh ip  between th e  energy released and th e  rad ius roo-
As roo goes to  zero, th e  upper e q u ilib r iu m  he igh t, hu, approaches in f in ity ,  and so does 
qa. In th is  case, the above equa tions  s im p lify , and we can ge t som e a n a ly tic a l results. A s
W ith  these values, we can  ca lcu la te  the  energy (p e r u n it leng th ) released by th e  id e a l-M H D
ju m p :
(4.33)
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r 00  —> 0. equa tions  (4 .19) and (4.32) reduce to
Uoc —
2 In ( 2 / r 0o) 8 In2( 2 / r 0o)
+ (4 .34)
and e qua tio n  (4 .30) becomes (w ith o u t m a k in g  any prescribed a ssum p tions  on pu o th e r  th a n  
pu/ h u <C 1  and pu/q u <C 1 )
p I In ( — ) -\ p  -  u j
1
4 In ( 2 / r 00) 81n3 ( 2 / r 00)
o r
>u \ / ln  ( — )  -  1 =  . ]  ,--------
V \P uJ  2 In 2 / r00
3
8  In ( 2 / r 00)
(4.35)
N o te  th a t  p u —> 0 as roo —* 0, and we are back to  the case o f  an a tta c h e d  cu rre n t sheet. B y  
means o f  num erica l ca lcu la tio n  one can show  th a t the le ft hand s ide  o f  equation  (4 .30) is 
nea rly  independen t o f  h and q when bo th  o f  them  become large.
S im p lify in g  (4 .25) leads to
J  = 2  y /h2 -  q2nq i-p2,nG)
2 \ / h '2 -  q2
7rq (4 .36)
and equa tion  (4.29) gives
F(h)
2 1_l J _  
dc2 4 k
2 q j _
dc2 '2h
J  +
2h2J  8  ^ h 2 -  q2
h 2 -  q2 7rq
2 h2 — q2 (4 .37)
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w here  (4.36) has been. S im p lify in g  f lu x  conserva tion  (4.31) gives
7'" ( ^ ) +4 (7^ ?  ~ f) si"~‘ (s) “ ,n (£ )+1 <4-38'
fo r  ve ry  large h and  q, and v e ry  sm a ll p and roo- S e ttin g  F(h)  in  (4.37) equal to  zero and
using  (4.36) to  re la te  qu to  hu, g ives th e  uppe r e q u ilib r iu m  sheet he ight qu and sheet cu rre n t
J u as
qu =  hu/ y / 3, (4.39)
J u =  *2 >/2 / 7r. (4.40)
S u b s titu t in g  these values in to  (4 .38) re la tes the  uppe r e q u ilib r iu m  he ight, hu , to  the  flu x  
rope  rad ius, r00:
hu =  i (4.41)
w here
TTy/ 2
<y =  — — ,
(4.42)
T h e  above expressions, except fo r  3,  are the  same as those ob ta ined  fo r  th e  case o f  the  
a tta ch e d  c u rre n t sheet. Since B is a c tu a lly  a h igher o rd e r co rrec tion  in  th e  expressions 
a ro u n d  the sm a ll pa ram ete r —1 / In roo, the  tw o  cases are the  same to  lowest o rde r in  the  
expressions.
T o  ca lcu la te  th e  energy, we use the  m ethod  suggested by Isenberg et al. [1993] to
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
ca lcu la te  b o th  W u and IF C. F irs t,  we take the  to ta l de riva tive  w ith  respect to  h  o f  the  bo th  
sides o f  (4 .38 ), keeping in  m ind  th a t  the r ig h t hand side is a lw ays a co n s ta n t fo r  a given 
roo- M u lt ip ly in g  th e  resu lting  equa tion  by Io J fc d  and s u b tra c tin g  equa tion  (4.37) from  
th a t  p ro d u c t y ie lds
F(A> = J?  (a t  {■'* ['" ( ^ ) + s ] } + [ln ( f ) ] + t o )  ■ (4'43)
w h ich  changes (4.33) to
 ^- 1  {J“ ['" (^r)+1]+i ln ( t ) + • (4-44)
w here
(4.45)
E q u a tio n  (4 .36) was used when we deduce (4 .43 ). P lo tt in g  & \ V / W C aga inst roo indicates 
th a t  A W j W c decreases w ith  roo, and the  m a x im u m  o f t \ \ 'V/Wc occurs as r 0o —>■ 0 (F igu re  
4 -3 ). As roo goes to  zero, we have
lim  ——  =  lim  — —
ro o —>0 v'Vc roQ—¥0 W c
A  W — . Wc -  W u ( 4y/2 8  \
0 ^ 0 IF - \ -  7T2 J ’
(4.46)
w h ich  is the same as ob ta ined  fo r  the  case w ith  an attached c u rre n t sheet. N o ted  th a t r 0o 
m u s t be e x tre m e ly  sm a ll fo r  th e  asym p to tic  so lu tio n  to  hold. T h is  is because r 0o appears 
in  the  a rgum en t o f  a lo g a rith m , and its  resu ltan t effect varies e x tre m e ly  s low ly.
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Log r00
F igu re  4 -3 : A s y m p to tic  b e h a v io r o f  & W / W C versus r 0o accord ing  to  e qua tio ns  (4.44) and  
(4.45).
4.5 D iscu ssion s o f  R esu lts
The  d iffe rence  between th e  case w ith  an a ttached  cu rren t sheet and th a t  w ith  a detached 
cu rre n t sheet depends on  w h e th e r a c u rre n t sheet form s before o r a fte r  th e  ca tas trophe . 
A t  the  l im i t  o f  ro0  —)■ 0, th e  deve lopm ent o f  th e  cu rren t sheet and th e  ca tas trophe  in  th e  
m odel w ith  a d ipo le  b o u n d a ry  c o n d itio n  occu r s im u ltaneously . So, th e  tw o  cases shou ld  
give the  sam e o u tp u t in  th e  ze ro -rad ius  l im it .  N o te  th a t a lthoug h  in v o k in g  reconnection 
(r R rp) changes the  to p o lo g y  o f  th e  co n fig u ra tio n  p r io r  to  the  loss o f  e q u ilib r iu m , th e  
value o f  X - lin e  height, yoc, is  q u ite  sm a ll fo r  roo w ith in  reasonable range. For exam ple , 
yoc ~  0.08 w hen r 0o =  0 .01 . T hus , w h e the r a cu rre n t sheet ex is ts  p r io r  to  th e  ca tas trophe  
does n o t s ig n if ic a n tly  a ffe c t th e  dependence o f  A W / W C on th e  rad ius roo- L a te r  on, we w il l  
find  in  C h a p te r  5 th a t w hen  we consider the  tw o -p o in t source bound a ry  c o n d it io n , w h e th e r 
reconnection  occurs o r n o t p r io r  to  th e  loss o f  e q u ilib r iu m  never becomes an issue because
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
69
th e  tw o -p o in t source  co n fig u ra tio n  never produces X - lin e  p r io r  to  th e  loss o f e q u ilib r iu m  fo r 
any va lue o f  j~o o -
W h a t we have discovered by a n a lyz in g  the d ip o le  b o und a ry  c o n d it io n  is th a t  a llow ing  
reconnection  to  o ccu r p r io r  to  th e  e ru p tio n  e lim in a te s  the  tens ion  force associated w ith  
th e  c u rre n t sheet a tta ch e d  to  the  base. T h is  makes i t  much easier fo r  the  system  to  lose 
e q u ilib r iu m  and in  th e  l im i t  th a t  th e  reconnection is ra p id  re la tiv e  to  the photospheric  
m o tio n  tim e  scale (i.e . r R <C t p), no c r it ic a l rad ius occurs  a t a ll. T h u s , under the  plausible 
assum ption  th a t r R <C r p . the  absence o f  ca tas trophe  found  by Forbes and Isenberg [1991] 
fo r  reasonable values o f  r 0 0  no longer holds. However, as we w ill d iscuss in C h a p te r 5. the 
d ip o le  b o u n d a ry  c o n d it io n  s t i l l  has th e  lim ita t io n  o f  be ing  ra th e r feeble w ith  respect to  the 
m agne tic  energy i t  releases d u r in g  th e  id e a l-M H D  ju m p .  In  fac t, a lm o s t any o th e r bounda ry  
c o n d it io n  (except fo r  th a t  co rrespond ing  to  a line  c u rre n t below th e  surface) y ie lds  a more 
ene rge tic  id e a l-M H D  ca ta s tro p h e  th a n  th e  d ipo le  b o u n d a ry  co n d it io n .
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Chapter 5
A Self-Consistent Model for 
Coupling of the CME Driving 
Force and the Reconnection 
Process
In th is  chap te r, we investiga te  how m agnetic reconnection  affects th e  acceleration o f  e rup ­
tions  and how  th e  acceleration in  tu rn  affects the reconnection process. However, instead 
o f  using a m ode l w ith  a d ipo le  b o und a ry  co n d itio n , we use the  m ode l w ith  th e  tw o -p o in t 
source b o u n d a ry  co n d itio n . T h is  bound a ry  co n d itio n  provides th e  largest possible energy 
release d u r in g  id e a l-M H D  ca tas trophe  fo r  a pho tospheric  background fie ld w h ich  is s im p ly  
connected [Forbes et al. 1994]. As we have a lre a d y  seen, in  th e  com ple te  absence o f  re­
connection th e  tension force associated w ith  the c u rre n t sheet is a lw ays s tro n g  enough to  
prevent the  f lu x  rope from  escaping fro m  the Sun, and  th is  is a lw ays tru e  w he the r o r  n o t an 
X -lin e  o r c u rre n t sheet exists before the  e rup tion . How ever, as we w il l  show in th is  chap te r, 
o u r new resu lts  im p ly  th a t  even a fa ir ly  sm all reconnection  ra te  is  su ffic ien t to  a llow  the  
f lu x  rope to  escape. Specifica lly, fo r a corona l d e n s ity  model th a t  decreases e x p o n e n tia lly  
w ith  height, we fin d  th a t the average A lfv e n  M ach num ber M \  fo r  the  in flow  in to  the  re­
connection s ite  can be as sm all as M a  =  0.005 and s t i l l  be fast enough to  give a  p lausib le  
e ru p tio n . T h e  best f i t  to  observations is obta ined by assum ing an in flo w  rate on th e  o rde r o f  
M a  ~  0-1. W ith  th is  value the  energy o u tp u t m atches the  te m p o ra l behavior in fe rre d  fro m
70
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
71
C M E  and lo n g  d u ra tio n  events (L D E s). (L D E s  are C M E s  accom panied by  flares.) O u r  
m odel also suggests an e xp la n a tio n  fo r the  pecu lia r m o tio n  o f  g ian t X - ra y  arches repo rted  
by  Svestka et al. [1995, 1997]. X - ra y  arches are the  large loops associated w ith  C M E s w h ich  
are s im ila r  in  fo rm  to  "p o s t” - fla re  loops, b u t th e y  have an upw ard  m o tio n  th a t  is o ften  d if ­
fe ren t. Ins tead  o f  co n tin u a lly  s low ing  w ith  tim e , the  arches move u p w a rd  a t a ra te  th a t  
rem ains n e a rly  constan t o r  m ay even increase w ith  tim e . Here we show  how  the  d ifference 
can be exp la ined  by reversal o f  th e  g rad ien t o f  the  corona l A lfv e n  speed w ith  height.
5.1 In trod u ction
M odels th a t  a tte m p t to  exp la in  so la r e ru p tive  flares m ust account fo r th e  ra p id  e jec tion  o f  
m agnetic f lu x  and plasm a in to  in te rp la n e ta ry  space. To e xp la in  the ra p id  t im e  scale o f  the  
e jection , m a n y  au tho rs  have considered the  idea th a t the  p r im a ry  m echanism  fo r d r iv in g  an 
e ru p tio n  is a  ca ta s tro p h ic  loss o f  M H D  e q u ilib r iu m  o r s ta b il i ty  (e.g., Van Tend and Kuperus  
[1978]; Van Tend  [1979]: B i m  and Schindler  [1981]; Kaastra [1985]; Molodenskii and Filippov 
[1987]; Demoulin and Priest  [1988]; Moore [1988]; Amari  and  Aly  [1989]; Martens and Kuin  
[1989]; A n z e r  and Ballester [1990]; Priest and Forbes [1990]; Wolfson and Low [1992]; Low 
[1990, 1996]). Because m echanism s o f th is  ty p e  opera te  on th e  A lfve n  t im e  scale, th e y  can 
easily accoun t fo r  the  rap id  t im e  scale o f  the  e ru p tio n  onse t. However, by  itse lf, a loss o f  
e q u ilib r iu m  is n o t su ffic ien t to  exp la in  the  e ru p tiv e  process. A t  some p o in t in  tim e , m agnetic  
reconnection m ust occur to  a llo w  th e  so lar m agne tic  fie ld to  re lax  to  its  p re -e rup tive  s ta te . 
In fact, i t  m a y  no t be possible fo r  mass to  escape in to  in te rp la n e ta ry  space unless m agnetic  
reconnection occurs earlie r. T h is  is the  s itu a tio n  fo r the  tw o -d im ens ion a l m odel we consider 
in  th is  p a r t  o f  w o rk  th a t  is based on the  e a rlie r s tu d y  by Forbes and Priest  [1995]. T h e y  
developed a m odel th a t  con ta ins  a force-free f lu x  rope th a t  loses e q u ilib r iu m  when th e  tw o
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
72
pho tospheric  sources o f  th e  co rona l m agne tic  field are  m oved to g e th e r as shown in F ig u re  
3-7. W hen  e q u ilib r iu m  is lo s t, the  f lu x  ro p e  ju m p s  to  an e q u ilib r iu m  p o s itio n  a t a h ighe r 
a lt itu d e  and  a ve rtica l c u rre n t sheet is c rea ted . In  o rd e r  fo r  th is  process to  evolve in to  an 
e ru p tio n , reconnection  m ust occur in  th e  c u rre n t sheet a t  a s u ffic ie n tly  ra p id  ra te  to  a llo w  
the f lu x  rope  to  escape s m o o th ly  (i.e ., w ith o u t  s u b s ta n tia l dece le ra tion ).
In  nex t section we present the  m odel d e sc rip tio n , and in  section 5.3 we com pute  th e  
so lu tion  fo r  the  ve c to r p o te n tia l o f the  m agne tic  fie ld . In  section 5.4 we derive  the  d if fe r­
en tia l equa tions and present th e  in it ia l co n d itio n s  w h ich  govern  the sys te m 's  e vo lu tio n . In  
section 5.5 we exam ine the  evo lu tion  o f  th e  co n fig u ra tio n  in  ou r m ode l fo llo w in g  the  loss 
o f  e q u ilib r iu m . In section 5.6 we com pu te  the  m agne tic  energy released as a fu n c tio n  o f  
tim e . In  section  5.7 we inves tiga te  the va ria tio n s  o f  th e  leng th  o f c u r re n t sheet as w e ll as 
the  e lec tric  field there , and fin a lly , we sum m arize  o u r resu lts  in  section 5.8.
5.2 D escrip tion  o f  th e  M o d el
The  question  we address here is: How fas t m ust the reconnection  in  th e  c u rre n t sheet be in  
o rder fo r th e  f lu x  rope to  escape sm oo th ly?  In  ou r m ode l we express th e  ra te  o f  reconnection  
in  term s o f  the  A lfve n  M ach  num ber, M a , a t the  m id p o in t o f  the c u rre n t sheet, and we 
require th is  num ber to  be less than  u n ity . A lth o u g h  th e re  is s t i l l  m uch d isp u te  a bou t how  
fast reconnection  can occur in  th e  corona, th e re  is a s tro n g  consensus th a t  th e  A lfven  M ach  
num ber o f  th e  plasm a flo w in g  in to  the  reconnection  s ite  ca n n o t exceed u n ity .
For th is  m odel w ith  tw o  p o in t sources located a t ( ± A ,  0), there  are tw o  T - ty p e  n e u tra l 
po in ts  on th e  surface (a t x  =  ± 2 .2  and x  =  ±0 .5 6  in  F ig u re s  3-7b and 3-7c, respective ly ). 
However, no reconnection occurs  a t th e m  since th e  f lu x  fu n c tio n  .4 is  in va ria n t a t th e  
bounda ry  due  to  the  lin e - ty in g  there . D u r in g  the  slow  e v o lu tio n  o f th e  b o u n d a ry  co n d itio n s
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F igure  5-1: D ia g ra m  o f the  m agnetic  co n fig u ra tio n  for th e  tw o -p o in t source m odel. Labe ls  
ind ica te  th e  m a th e m a tica l n o ta tio n  used in  th e  te x t.
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the tw o  p o in t sources approach one a n o th e r and so do th e  tw o  T - ty p e  n e u tra l po in ts . 
E ven tua lly , a c r it ic a l p o in t is reached, and th e  f lu x  rope ju m p s  upw ard o w in g  to  a loss o f  
e q u ilib r iu m  (F ig u re  3 -7a). D u r in g  the ju m p  th e  tw o T - ty p e  neu tra l p o in ts  merge a t the  
o rig in  to  fo rm  an X -ty p e  n eu tra l po in t o u t o f  w h ich grows a  cu rre n t sheet. In  the  case o f  
no reconnection , the  c u rre n t sheet remains a tta ch e d  to  the  surface  (F ig u re  3 -7d ), bu t when 
reconnection occurs, i t  becomes detached (F ig u re s  3-4, 4-2 and  5-1).
W hen  dea ling  w ith  the  dynam ics o f the  e ru p tio n , we can s t i l l  use th e  s ix  assum ptions 
m entioned in  section 4.2.1, and the  basic equa tions  (3.4), (3 .5 ), (3 .6 ), and (3 .7 ), b u t fo r the  
b ounda ry  c o n d itio n , we now use (3.15) w hich corresponds to  a tw o -p o in t source background 
field w ith  p o in t m agne tic  charges a t (x =  ± A , y — 0 ). Forbes et al. [1994] and Forbes and 
Priest [1995] showed th a t  an idea l-M H D  ju m p  in  th is  s tru c tu re  releases ~  8 % o f th e  m agnetic 
energy s to red  in  the  system .
5.3 S olution  for th e  Flux Function
In the  absence o f  th e  f lu x  rope and the c u rre n t sheet, the fie ld  A ph, due to  th e  photospheric 
source a lone, is
*dp/i(x, y ) —
7T
( x  +  A ' 
tan ---------  — tan 1 (r?)] (5.1)
W hen  the  f lu x  rope and the  cu rren t sheet are  included, tw o  more c o n tr ib u tio n s  add to  
the expression fo r  the  vec to r po ten tia l .4 (x , y).  W e have upon  s u b s titu t io n  o f  (3.15) in to  
(4.8):
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4- f q In 
Jp
x 2 +  {y +  r f
x 2 +  (y — v ) 2
K s (v )d v
}
(5.2)
where Ao has been norm a lized  to  I q such th a t A q/ k  =  Io/c .  E q u a tio n s  (4.9) and (4.10) 
the re fo re  become
P x ( 0 , y ) = Io \ 4 J h
2A
c \ h 2 — y 2 y 2 + X2 4-
rq 4 u A 's (t;)d u l




q 4vl\'s(v)clv 2A 4J h
v2 - y 2 y2 +  A“ h2 -  y 2 p < y  <  <7-
respective ly. C om pared w ith  (4.13), equa tio n  (5.4) has a much s im p le r so lu tion :
(5.4)
Ks { y )  =
2 J h  +  A +  P0 2 J h \ J ( h 2 — p2) ( k 2 — q2)
* V ( y 2 - p 2)(q2 -  y2) K\/(y2 -  p2){q2 -  y 2) {h2 -  y2)
W ( ^  +  p 2) ( ^  +  p2)
K V { y 2 - p 2) W 2 - y 2)(A2 +  y 2)
(fo r p <  y < q ) , (5.5)
where Po, as before, is a co n s ta n t to  be de te rm in e d 1.
S u b s t itu t in g  (5.5) in to  (5 .3) and co m p le tin g  the  in te g ra tio n , we have (see Xu  [1992] fo r 
some usefu l in te g ra l results)
P * ( 0 ,  y)  =
2Ip f  2Jh  +  A +  Pp_________2J h ^ { h 2 -  p2) {h2 -  g2)
c \  \ / { y 2 -  p2) ( y2 -  q2) y / ( y 2 -  p2) {y2 -  q2) ( h2 - y2)
W { X 2 + p2){X2 +  q2) 
V ( y 2 -  p2){y2 - ?2 ) (A 2 4- y2)
1 y < p
o p < y  <  q
- 1  y  > q.
(5.6)
‘N ote: one m ay find some ty p o  in  equation (16) o f Lin and Forbes [2000], com paring  it to (5.5).
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E q u a tio n  (5 .6 ) 2 ind ica tes th a t B x (0, y) has tw o  s in g u la r it ie s  a t th e  tw o  tip s  o f  th e  cu rre n t 
sheet, (0 , p ) and (0 , q) , unless the fo llo w in g  equa lities  are m et:
2 J  ft -f- A -)- Pq —
2 J  ft -(- A -f- Pq
2 J h \ J { h i  — p 2 ) ( f t2 — q2) A v/ ( A i + p 2 ) (A 2  +  9 2)
ft2 — p 2 A2 +  p 2
2 J h v '{h2 - p 2) (h2 - q 2) A v /(A -2 +  p2 ) ( A 2 +  (/2 )
h2 - q 2 A2 +  q2
0 ,
0 ,
w h ich lead to
J
A / ( f t2 p2) (h2 — q2)
1/ / \1  . OwxO . Ox
Po =
2h \ l  (A2 + p 2 ) (A 2 +  q2Y
A (v/ h 2 -  p 2 -  ^ h 2 -  q2 ) 
v/A 2 +  p2 +  v/A 2 +  <72
h2 - p 2 \h2 -  q2




2 J h  -f- A +  Pq — A (ft2  +  A2)
V  (A2 +  p 2) ( A2 +  q2)
(5.9)
These co n d itio n s  force th e  fie ld  to  have a co n fig u ra tio n  w ith  a Y - ty p e  n e u tra l p o in t a t  each 
t ip  o f  th e  c u rre n t sheet as shown in F ig u re  5-1.
S u b s t itu t in g  (5.7) th ro u g h  (5.9) in to  (5 .5 ), and th e n  in to  (5 .2 ), we f in a lly  get, a f te r  some 
ra th e r invo lved  algebra, the  e x p lic it expression fo r .4 (x , y):
.4 (x , y) = h
-4 i(x ,  y) x 2 +  y 2 > p 2 
.42(x, y) x 2 +  y 2 < p2,
(5-10)
2Note: one m ay find som e ty p o  in equation  (17) of Lin and  Forbes [2000], com paring  it to  (5 .6).




j  f  h Z i P Q  +  = y H p Q  h Z 2pQ +  z 2 H P q \  
\ h Z i P Q  —  z i  H p q  h Z 2 p Q  —  z 2 H p q  J
+
X(h2 4 - A2) f  
qLpQ I




' ( £ ■ 1  
l(i)4
{n h-' © •
+  F sm
+  n
a 2  4-p2 p
A 2 + q 2 'q
X2 +
4- tan
A2 4- p  
‘ A- i
- i
I (A 2 + pJi)(z  
(A 2 +  ?
ani
>2 ) ( - i - g 2) l
-2 ) ( - i - P 2)J
+  F sin
(£)•?]}
m  '  ( J )  - A J  - r  < r
1 a ) ' ? ] }
A2  +  p2
4- tan - i
A_ l (X2 + P2) ( z 2 - ^ )  
(A 2 4- q2) (x2 — P2)
}
(5.11)
A 2 -  T  + A (h2 +  A2) p +  F sin 1 f —\ I
q. \ p J ' q.
A[q2 -  p2)
qLpQ
<,lp q  ^h'GrM]
- - ( ? ) ■
p2 (A 2 +  <72) p 
q2{X2 + p 2Y  q
A I A2 +  g2 
A2 4- p 2
{n h -1 (?) •
;{F[sin'' (7 )7 ]+F[si"'l(p)’f]}
P 2 (A 2 +  q2) p 
p  J  ' q2{X2 +  p2) '  q
t a n - '  (  T \ l $  +  q2 i ~ I‘l \ \  -  ta n -1\  A V (A 2 +  P ) ( ^ 2 — 9 ) j
/ (A 2 4- q2) ( z 2 —
A V (A 2 +  P2) ( ^ l  — p! I \<72)J  ’ (5.12)
and
-x  =  J/ 4- tar, x2 =  y  -  ix,
H P q  =  ^ ( h 2  -  p 2 ) ( h 2  -  y2), L p q  =  \ / ( A 2 4- p2 ) (A -  4- <72),
ZiPQ = y / (z2 - p 2) ( z2 - q 2), Z 2PQ =  \J  {z2 — p 2 ) ( - 2 — ?2)-
Here i =  \ / —1 . and  F  and I I  are the  incom ple te  e ll ip t ic  in teg ra ls  o f  the  f irs t and  th ird  
kinds, respectively. E q u a tio n  (5.10) describes .4(:r, y ) as a fu n c tio n  o f  th e  param eters A, h, 
p,  and q, and i t  has th e  p ro p e rty  th a t  / l ( x ,  0 ) along th e  base b o u n d a ry  is in v a r ia n t w ith
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respect to  th e  values o f  h. p, and q (i.e., th e  base boundary  is line  tie d ). T h e  func tions  
y ) in  (5 .1 1 ), A 2 (x , y) in  (5 .12 )3, and th e re fo re  .4(ar, y) in  (5 .10 ) are rea l, even though  
th e y  e x p lic it ly  c o n ta in  com p lex  num bers and  z-i. O bvious ly , equa tio ns  (5 .10 ), (5 .11 ), and 
(5 .12) have th e  sam e fo rm  as (4 .26 ), (4.27), and  (4.28) except fo r  those in te g ra ls  w h ich  are 
n o t in  closed fo rm . F ig u re  5-2 p lo ts  contours o f  A(ar, y) g iven b y  (5.10) w ith  A =  Ac =  0.97 
( th e  c r it ic a l va lue  o f  A a t w h ich  th e  ca ta s tro p h ic  loss o f  e q u ilib r iu m  occurs), h =  25, p =  6 , 
and q =  15 in  th e  reg ion —15 <  x  < 15 and 0 <  y  <  30 in  u n its  o f  5 x  104 km .
C o m p a rin g  F ig u re  5-2 w ith  F ig u re  3-4 in d ica te s  some s im ila r i ty  between th e m . A . Van 
Ba llegoo ijen  (p r iv a te  co m m u n ica tio n ) has p o in te d  to  us th a t  th e  m agnetic  co n fig u ra tio n s  
in  F igu re  5-2 can  also be deduced d ire c tly  fro m  th a t  in  F ig u re  3-4 by s p lit t in g  the  single 
line -d ipo le  source on th e  b ound a ry  surface in to  tw o  line -m onopo le  sources a t x  =  —A and 
x  =  A, respective ly . In  A p p e n d ix  A , we show th a t  th is  is indeed co rre c t. T h is  a llow s bo th  
th e  m agnetic  fie ld  B(z)  and the  com p lex flu x  fu n c tio n  A{z)  to  be expressed in  th e  com pact
3N ote: one m ay find som e typo  in equa tion  (23) o f L in  an d  Forbes [2000], com paring it  to  (5 .12).
fo rm :
B(z)  = B y +  i B r
2 / 0 t A (h2 +  A2) y/{z> 4- p2) ( ^ 2 +  q2) 
c y ( A *  +  p2 ) (A 2 +  q*)(z* -  A2) ( z 2 +  h 2) ’
(5.13)
and









F igu re  5-2: C o n to u rs  o f  th e  s o lu tio n  fo r th e  f lu x  fu n c tio n  A(ar, y) g iven  by  equation  (5 .10 ) 
fo r  A =  Ac, h  =  25, p =  6 , q =  15, and J  is de te rm in e d  b y  equation  (5 .7 ). A l l  the  le n g th s  
are in u n its  o f  5 x  104 km .
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+  - ( p - q ) ( X 2 + h 2) F  
9
i s inh ' 1 (£),£]
\ P J  9.
+ ( q - p ) { h 2 - p 2) ( h2 - q 2) nh2q
-  2P( \ 2 +  p2) n
+  2 p (A 2 +  P2) n
jsm 1 y
i- - 1 [/
1 {p -  q)(p - i z )
i M k ~l  (;)•£■?
(P +  9) (p -
(P +  9 )(P  +  *S)
(P — 9 )(P  — *"z )
(P +  9 )(P  +  « )
( P -  9)(P  +  
(P +  9>(P
’ (P ~  9)(P
«'A) P +  9 ]  
* ' A ) ’ p - 9 j
+  »A) P +  9 1 \  
- / A ) ’ p - 9 / / ’
(5.14)
w here  b o th  B T and B y are real, z  =  x  - f  iy, and  .4 (x , y) in  (5.10) is related to  A ( z )  in  the 
w ay  o f  .4(ar, y) =  R e [> l(4r)]. So, ta k in g  the real o f  -4(.r) and using the same values fo r A. h, 
p. and q as before recovers F igu re  5-2.
C o m p a rin g  equa tion  (5.13) w ith  equation  (3 .1 ) shows th a t the  tw o  become equiva lent 
w hen the  fo llo w in g  m od ifica tions  in  equation  (3 .1 ) are made: F irs t,  replace the s ing le  z 2 and 
th e  p ro d u c t pq in  the  d enom ina to r by (z2 — A2) and i / ( A 2 +  p2 ) (A 2 +  q2), respective ly ; and 
second replace th e  single h2 and m  in  the  n u m e ra to r by (h2 +  A2) and 2 /o A /c , respectively.
A lth o u g h  equa tion  (5.14) has a m ore com pac t fo rm  than  its  real c o u n te rp a rt described 
by equa tions  (5.10) th ro u g h  (5 .12), i t  is d if f ic u lt  to  use to  do  fu r th e r  analysis and make 
p lo t o f  the  fie ld  lines because o f th e  m u ltip le  valuedness associated w ith  the b ranch  cu ts  o f 
A ( z ) .  F in d in g  th e  real p a rt o f  A ( z )  g iven by (5 .14) and eva lua ting  those e llip t ic  in tegra ls 
w ith  com p lex  a rgum ents, am p litudes , and pa ram ete rs  is a tim e-consum ing  and  tedious 
process. T he re fo re , we use equa tions  (5.10) th ro u g h  (5.12) as th e  basis fo r o u r ana lys is  in 
th e  fo llo w in g  sections.
5 .4  B asic  E quations for S y stem ’s E volution
A s  reconnection  occurs, the  co n fig u ra tio n  shown in  F ig u re  5-2 is genera lly  no t in  e q u ilib r iu m . 
W e are go ing  to  de te rm ine  the  v e lo c ity  o f f lu x  rope, the  leng th  o f  cu rre n t sheet, and the
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e lec tric  fie ld  in  th e  cu rren t sheet as fu n c tio n s  o f  bo th  th e  he igh t o f  the  flu x  rope , h, and th e  
tim e , t. In  a tw o-d im ens iona l modei the  ra te  o f  reconnection  is prescribed by  the  e lec tric  
fie ld  E z a t th e  X -p o in t o r, in  o u r  case, in  th e  cu rren t sheet. U sing F a raday ’s equation , we 
can w r ite
=  =  (5 .,5 )c a t  c ah
where .4q is the  value o f the  f lu x  fu n c tio n  -4 (z , y) a long th e  cu rre n t sheet, and h =  dh/dt .  
S e ttin g  .4° =  -4(0. p < y < q) gives
4 o _ 2 / o  A  
.h 0 —
c qLpQ ,(5 .1 6 )
where K  and n  are the com p le te  e llip tic  in te g ra ls  o f the  f ir s t  and th ird  k inds , respectively. 
N o te  the  d ifference between th e  a rgum en ts  o f  the  fu n c tio n  n  in  (5.16) and those  in (5.11) 
and (5.12).
We now s u b s titu te  .4q in to  (5 .15), keeping in  m ind th a t  p and q are fu n c tio n s  o f h, and 
th a t  A is fixed . M a k in g  use o f  the  fo llo w in g  chain law
d -4 °  _  ( d - 4 g \  * P , (  i -n
dh V dP ) k ,q dh V d(l  ) h,p dh V dh J p,q ’
where the  subscrip ts  o f p a r t ia l de riva tives  m ean keeping th e  correspond ing  param ete rs  fixed, 
we have
E z =  —— (-4qpp' +  -4qqq' +  Aoh) , (5.18)
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w here p' =  dp /dh  and q' =  dq/dh,  and
-do p —
do  q —
d 0 h = —
\ p ( h 2 +  \ 2) ( \ 2 +  q2)
/ i2 9 [(A 2 +  p2 ) ( A 2  +  92) ]3 /'
\ { h 2 +  A2) (A2 +  p2) 
h2[ { \ 2 +  p2) { \ 2 +  q2)]3/ 2 
A
(A- -  O n  ( g . | )  -  A-nr ( £ )
h2q2E { ^ j  - h 2(h2 +  q2) K ( ^ j
P q V W + i f i H V  +  q2)
+  ( ^ - p V ) n (5.19)
Here E  is the  com plete e ll ip t ic  in teg ra l o f  the  second k in d . N ote  th a t  the leng th  o f  the  
c u rre n t sheet, namely, (q — p), and th e  ve lo c ity  o f  th e  f lu x  rope h depend on E =, w h ich  
describes the  ra te  o f the  reconnection in  the  cu rre n t sheet. To find  th e  va ria tions  o f  h, p, 
and q as func tions  o f  the  f lu x  rope he igh t h, we need tw o  o th e r equa tio ns : the fro z e n -flu x  
c o n d itio n  a t the  surface o f  th e  flux  rope and the  d yn a m ic  equation  describ ing  the  f lu x  rope 
acce lera tion  due to  the  forces ac ting  upon i t .
F o r th e  frozen f lu x  c o n d itio n  we have
^ - A r  -- d ( 0 , h — ro) =  const, 
c
(5.20)
where r 0  is the  radius o f  th e  flu x  rope.
S u b s titu t in g  (5.10), (5 .11 ), and (5.12) in to  (5-20) and keeping in m in d  th a t h  r-0, we
find
4 A h p<2 ,-4/? =  —r  -v—1- I n
+
2  h L p q
—IqLpQ I
roo(h4 —  p 2q2) L P Q +  tan
- l A / (A2 + P 2 ) ( / l2 _ ^ y  
h \ j  ( \ l  + q2) ( h ? - p l )
( h2 - q 2)F + (q2 - p 2) n - - a ) -
A2 + p2 p 
A2 - f  q2 ’ q
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n  s in  1 f  f -  ^ 1 1  
U ;  ’ A2 ’ ?J J
(5.21)
w here H p q . and L p q  are as before. T h e  param ete rs  Aq, r 0o, and I q in  (5.21) are th e  values
o f  A, r 0 , and  / ,  respective ly, when th e  flu x  rope is loca ted  a t the pos ition  on the e q u ilib r iu m  
cu rve  w here th e  c u rre n t in  the  f lu x  rope has its  m a x im u m  value (see Forbes and Isenberg 
[1991]; Isenberg et al. [1993]; and Lin et al. [1998]).
T h e  rad ius  o f  th e  f lu x  rope, ro , is re la ted  to  th e  c u r r e n t . /  by equa tion  (4.17). T h e  errors 
induced by using th is  a p p ro x im a tio n  in  th e  fo llo w in g  ca lcu la tions are n o t s ign ifican t as long 
as roo <  0.1. A f te r  the  ca ta s tro p h ic  loss o f  m echanica l e q u ilib r iu m , th e  cu rren t in te n s ity  J  
decreases w ith  h ve ry  s low ly, fro m  J  ss 1 a t  h 1 (in  th e  u n it o f  5 x  104 km ) to  J  «  0.6 
when h =  102 ( in  th e  u n it o f  5 x  104  k m ). A t  J  =  1, there  is no e rro r  between tq given 
b y  (4.17) and P a rke r’s so lu tio n ; b u t a t J  =  0.6 , the re  is an e rro r o f  ~  10%. Since tq on ly  
appears in  th e  a rg u m e n t o f  a lo g a r ith m , the  e ffect o f  th is  e rro r on o u r fin a l resu lts reduces 
to  less th a n  6 % , w h ich  is neg lig ib le  cons idering  o u r neglect o f o the r im p o rta n t e ffects, such 
as shock waves, ra d ia tio n  losses, e tc .
T a k in g  th e  to ta l de riva tives  a b o u t h on b o th  sides o f  (5.21) gives
A r pp' +  A p qq' +  A rk =  0 , (5.22)
where
Xp(h2 +  A2) X2 4 - p2
q{A2 +  p2) V A2 +  q2
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A H 'p q
rooLpQ{hA — p2q2)
A r „  =
f  OAr  \
I  dq )h ,P
(A2 +  q2) V A 2 +  p2
X(h2 4 -  A2) /X2 +  q2 / f 1 _ £ \ n . _ !  / q \  p2 p 
\ h )  ' h 2 ' q
-  F q h2 — pi
,2
2h y A2 — q2 1 4 -  In
A HpQ





A 2 /i6  — 2(Apr/ ) 2 h 2{p2 4 - q2){h2 — A2)
■2h2L p QH PQ \  h2 -  A2
4 - (hA -  p2q2) In
A
(i2 -  A2
A H pq
‘0 0 LpQ{hA -  p2q2) }
4- {h2 + q2)FhqLpQ sin
. _ ! f  q \  p2 P 
Sltl \ h ) ' h 2 ' q (5.23)
T h e  dyn a m ic  equa tion  relates the  ex te rna l fo rce  per u n it length  F  acting  on th e  flu x  
rope to  the  acce lera tion  o f  the flu x  rope d2h / d t 2 by
(5.24)
w here  m  is the  to ta l mass per u n it leng th  o f  the  f lu x  rope, and
F  = T DJ  B extyc
A2
2  h L 2PQ
HpQ
2 / i2
(A2 + p2) (h2 -  q2) (A2 4 - q2){h? — p2)
A2 4 - h2 A2 4- h 2
y .  (5.25)
T he  fie ld  s tre n g th  B ext is the  to ta l ex te rna l fie ld  eva lua ted  a t the cen te r o f the f lu x  rope. 
(F o r a  m ore de ta iled  descrip tion  o f  the  procedure, th e  readers should consu lt the  previous
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ch a p te r.) S u b s titu t in g  (5.25) in to  (5.24) and  using
d?h _  dh d  / d h \  _  • ■, 
dt2 dt dh \  d t )  '
we have
m h h A2
2 hL 2pQ
H pq  _  (A 2 +  p2){h2 - g2) 
2 / i2 A2 +  h2
(A 2 +  q2){h2 - p 2) 
A2 +  f l2
(5 .26)
E q u a tio n s  (5 .18), (5 .22), and (5.26) fo rm  a d e te rm in is tic  system  fo r  p. q. and h as 
fu n c tio n s  o f  h,  w ith  E = as a func tion  ye t to  be de te rm ined . T h e  e lectric  fie ld  E z is a d ire c t 
measure o f  th e  reconnection ra te  in a tw o -d im ens ion a l sys tem  since i t  describes the ra te  
a t w h ich  m agne tic  f lu x  passes th rough  th e  c u rre n t sheet. T h e  de ta ils  o f  the  reconnection  
process depend no t o n ly  on the  s tru c tu re  o f  th e  cu rre n t sheet, b u t on th e  c ircum stances 
a round th e  c u rre n t sheet as w ell. These are in  tu rn  re la ted  to  the  loca l A lfv e n  ve loc ity  V'4 .
A s discussed ea rlie r, we do no t a tte m p t in  th is  w o rk  to  so lve  the e qua tio ns  th a t  de te rm in e  
the reconnection  dynam ics . Instead, we assume th a t the  ra te  o f  reconnection  is given e ith e r  
by obse rva tions  o r by a separate th e o re tica l analysis. M a n y  theories (e .g ., Sw eet-P arker, 
Petschek) use th e  A lfve n  M ach num ber in  th e  in flo w  o f  th e  reconnection  reg ion  as a measure 
o f the reconnection  ra te . We do the  same here by using th e  A lfve n  M ach  num ber a t th e  
m id p o in t o f  th e  upstream  bound a ry  o f  th e  c u rre n t sheet. T h is  loca tion  co rresponds to  e ith e r  
(xo =  0 + , yo =  (p +  q ) / 2 ) o r (aro =  0 ~, ?/o =  (p +  ? ) / 2 ) , w he re  O* ind ica tes  the  region ju s t  
outs ide o f  the  d is c o n tin u ity  in  B y a t e ith e r side o f  the  c u rre n t sheet. T h u s
M a  = Vr (5 .27)
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w here
cE z <9-4° 1
£ y (0 + , Jto) “  d t  S „ ( 0 + , yo) ( J
is th e  v e lo c ity  o f  th e  p lasm a flo w in g  in to  the  c u rre n t sheet, and
VA =  |B ^ Q±;  y0)l (5.29)
v/ 47rp (t/o )
is th e  loca l A lfv e n  v e lo c ity  a t the  sam e loca tion . C o m b in in g  (5 .28) and (5.29) w ith  (5 .27), 
we o b ta in
c dt  c y /4 -p (y 0)
w here  E z is pos itive  since .4° decreases w ith  t im e . In  th is  chap te r, we w il l  ca ll A / 4 , as given 
b y  (5 .27 ), th e  re la tive  ra te  o f reconnection , and E z , as given b y  (5 .30 ), the  abso lu te  ra te  
o f  reconnection . A lth o u g h  we assume th a t th e  re la t iv e  ra te  A/ 4  is  cons tan t, th is  does not 
m ean th a t  th e  abso lu te  ra te  E z is co n s ta n t.
T o  de te rm in e  E z requires a m odel fo r  the  p lasm a dens ity  p (y ) , and we w ill cons ide r here 
tw o  d iffe re n t cases. T h e  s im p lest one is th a t
p ( y ) = p o , (5-31)
w h e re  po is a  co n s ta n t. T h is  leads to  an A lfve n  v e lo c ity  th a t  decreases to  zero a t  large 
d is tances  as shown in  F ig u re  5-3a. T h e  o th e r case is  th a t
p{y) =  Po exp
w h e re  Hg, th e  g ra v ita t io n  height, is set to  105  k m . N o rm a liz in g  p  to  po, and b o th  y  and
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h (5 x  104  km)
F igu re  5-3 : V a r ia tio n  o f (a) the  background A lfven  speed as a fu n c tio n  o f  height and (b) 
the local A lfv e n  a t the  m id p o in t o f  th e  cu rre n t sheet as a func tion  o f  flu x -rope  he igh t fo r 
the case A /a =  1 . Solid curves resu lt fro m  the iso th e rm a l a tm osphere  m odel and dashed 
curves fro m  the  u n ifo rm  atm osphere m odel.
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H g to  Ao ( 5 x l0 4  km ), we have
p{y) =  exp  ( - * ! )  • (5 .32)
The second case leads to  an A lfve n  v e lo c ity  th a t increases to  in f in ity  a t large d istances, 
and  i t  is the  m ore rea lis tic  o f  th e  tw o  cases. However, we inc lude  the  f ir s t  case because i t  
helps illu s tra te  the  effect o f  th e  dens ity  m odel upon o u r resu lts. As we sh a ll see, the re  is 
a s ign ifican t d ifference in th e  long -te rm  e vo lu tio n  o f the  tw o  cases due to  th e  d ifference in 
th e  va ria tions  o f  the  A lfve n  v e lo c ity  w ith  he igh t.
Since there  is no genera lly  accepted th e o ry  fo r how fast reconnection occurs when i t  is 
d rive n  by a loss o f  e q u ilib r iu m , we w ill assume fo r s im p lic ity  th a t A/ 4  is a constan t less 
th a n  un ity . In general, to  ca lcu la te  A/4 se lf-cons is ten tly  from  the equa tions , i t  is necessary 
to  solve the tim e-dependent d iffu s ive  M H D  equations in  the  v ic in ity  o f  th e  cu rre n t sheet. 
T h e  key pa ram ete r th a t such a so lu tion  m ust provide is th e  th ickness o f  th e  sheet since th e  
convective ve lo c ity  o f the  p lasm a flow ing  in to  the  cu rren t sheet m ust be equal to  the  ra te  
a t  which fie ld lines d iffuse th ro u g h  the c u rre n t sheet. T h a t is, A /4  ss t ) / ( I V a ) ,  where tj is 
th e  m agnetic d if fu s iv ity  and I is the  th ickness o f  the  sheet.
Now i f  the  evo lu tion  o f  th e  sheet is s u ffic ie n tly  slow, a s teady-s ta te  th e o ry  like Sweet- 
P a rke r o r Petschek can be used to  express / as a func tion  o f  A /4  and 77. Here ^su ffic ie n tly  
s low ”  means th a t  the tim e  i t  takes fo r the  c u rre n t sheet to  g row  is long  com pared to  th e  
t im e  i t  takes fo r an A lfven  wave to  trave l a long  i t .  Since th e  upper t ip  o f  th e  cu rre n t sheet 
in i t ia l ly  moves much more ra p id ly  than  the  low er tip , the  ra te  a t w h ich  th e  sheet grow s is 
a p p ro x im a te ly  q. Thus a quas i-s teady tre a tm e n t requires th a t  q < C  Va- A s  we w ill see, th is  
co n d itio n  is n o t satisfied u n t il 2 to  3 hours a fte r  the  onset o f  the  e ru p tio n , so a quas i-s teady
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tre a tm e n t cannot be used except a t re la tiv e ly  la te  tim es.
Even when a quas i-s teady tre a tm e n t can be ju s tif ie d , there is s t i l l  the  p rob lem  o f  which 
quas i-s teady th e o ry  to  use. I f  we assume th a t  the  Sweet-Parker th e o ry  is a p p ro p r ia te , then 
we have iV/ 4  =  rj/[{V_\{q — p )], where V 4 is now  the  average A lfv e n  speed a long  th e  sheet. 
A lte rn a tiv e ly , to  a p p ly  P e tschek’s theory , we assume th a t the c u rre n t sheet s tre tc h in g  from  
p to  q a c tu a lly  consists o f  a m uch s h o rte r c u rre n t sheet w ith  pa irs  o f  s low -m ode  shocks 
e x te n d in g  ou tw a rd  to  p and q fro m  each o f  its  ends. For values o f  A / 4  in th e  range 0.01 
to  0 . 1 , th e  angle o f  sepa ra tion  between the  shocks is o n ly  a few degrees, so th e  fa c t th a t 
the sheet is now b ifu rca te d  a t its  ends has l i t t le  effect on the g loba l fie ld  a t la rge  distances, 
except th ro u g h  the va lue o f  A / 4 . Since P etscheks reconnection ra te  depends o n ly  on In q, 
the re s u lt is a lm ost th e  same as assum ing th a t A/ 4  =  const. A n o th e r  p o ss ib ility , w h ich  is 
also lik e ly  to  give a n e a rly  co n s ta n t value o f  A / 4 , is th a t  the  reconnection process is tu rb u le n t 
and the re fo re  com p le te ly  independen t o f  q. In  the  la t te r  case th e  in te rn a l s tru c tu re  o f  the 
c u rre n t sheet is q u ite  com p lex  and consists o f  m any sm a ll cu rre n t sheets and is lands, bu t 
again, the re  is no a ffec t on the  g lo b a l fie ld  a t large distances, excep t th rough  th e  value o f 
A /4 .
W ith  the  a d d itio n s  o f  the  d e n s ity  m odel (p =  p0  o r p =  p0 e.xp[—y / H g]) and th e  recon­
nection  m odel ( A / 4  =  co n s t), we now have a com p le te  system o f  equa tio ns  fo r th e  e vo lu tio n  
o f  th e  f lu x  co n fig u ra tio n  w ith  tim e . T h e  system  consists o f  (-5.18), w h ich  is F a ra d a y ’s equa­
tio n  a p p lied  a t the c u rre n t sheet, (5 .22), w h ich  is the  frozen flu x  c o n d it io n  a t th e  surface  o f 
the f lu x  rope, and (5 .26 ), w h ich  is N e w to n ’s second law  o f  m o tion  app lied  to  th e  f lu x  rope. 
These th re e  equations can be com bined to  give
,  _  -Ap/tA flg  — ApthApq
AppAog -AopApg




A f th A p p  — A o h .A f tp
A flp A p q  AopA/Jg
( - ) 2-\ C  J •;
A2
2 mhhL^pQ
H PQ _  (A2 +  p2)(h2 -  q2) _  (A 2 +  g2)(h 2 -  p2) 
:2h2 A2 +  h2 A2  +  / i2 (5 .33)
w here
Aoh — —^— H Aoh.
h
M a B°-(0+, i j o )  
h ^ / 4 ^ o )  h'
A s an il lu s tra t iv e  exam ple  o f  o u r results, we use the  fo llo w in g  values:
A0  =  5 x  104 km , L =  10° km , r 0o =  0 .1Ao,
P o  =  1.67 x  10- 1 4  g m /c m 3. Ip/(cXp) =  50 G , hp =  1000 k m /s ,
w here L is a ty p ic a l length  fo r  a  f lu x  rope and pp is th e  d e n s ity  a t th e  base o f  corona. 
G enera lly , th e  to ta l mass o f  th e  e jec ta  is ~  2.1 x  1016 g, so th e  to ta l mass per u n it leng th  
o f  th e  flu x  rope is
m  =  2 .1  x  1 0 6  g /c m .
These values a re  used fo r o u r fo llo w in g  ca lcu la tions  in w h ich  a ll leng ths are  norm alized to  
A0, ve locities to  h o ,  mass d e n s ity  to  p o ,  and c u rre n t to  I q .
In  d e riv in g  these equations we assume th a t  there  is no n o rm a l com ponen t o f  the fie ld in  
th e  sheet, so th a t  fie ld  lines m erge a ll a long th e  leng th  o f  th e  sheet. In  genera l, there w il l  
be a no rm a l com ponen t, b u t i t  shou ld  be neg lig ib le  once th e  le n g th  o f  th e  c u rre n t sheet is 
m uch g rea te r th a n  its  th ickness. T o  illu s tra te  th is , le t us cons ide r th e  d is tr ib u t io n  o f cu rre n t
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d e n s ity  w ith in  th e  sheet, namely,
r ' / 2  (Q B U d B
=  2B y (l/2 ,  y) -  I
dx
m ..........................
d B r (l/2, y ) 
dy
and le t us also suppose th a t th e  S w eet-P arker m odel applies. T h e n , e s tim a tin g  8 B x f d y  
by B x/{q  — p) and  using the S w ee t-P arke r results th a t  Bx ^  M ^ B y (l/2, (q — p)/2 )  and 
/ =  M-\ (q — p), we o b ta in
K s ^  2(1 - M $ ) B y .
Thus  the  e rro r in  K s  is o f second o rd e r in  A / 4 , o r ~  1% fo r the value o f  A/ 4  =  0.1 used in 
m ost o f  ou r p lo ts.
5.5 E volution  Follow ing th e  Loss o f  Equilibrium
Before the  flu x  rope  loses e q u ilib r iu m , i t  evolves s low ly  along the  e q u ilib r iu m  cu rve  shown 
in  F ig u re  3-7 u n t i l  i t  reaches th e  c r it ic a l p o in t th a t  occurs when the  sepa ra tion  o f  the 
photospheric  sources reaches Ac. T he  equations th a t  describe th e  e q u ilib r iu m  cu rve  are 
given by Forbes and  Priest [1995], w ho showed th a t  fo r  a flux  rope whose rad ius  is 0.1 a t 
A =  1 (the  p o in t on  th e  curve w here  the  flu x  rope cu rre n t has its  m axim um  va lue ), the  
separa tion  a t the  c r it ic a l po in t is A =  Ac =  0.9695, the  f lu x  rope he igh t is h = hc =  1.0966, 
and the  f lu x  rope c u rre n t is J  =  J c =  0.9924.
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5 .5 .1  P r io r  t o  t h e  F o r m a t io n  o f  t h e  C u r r e n t  S h e e t
T h e  he igh t a t w h ich  the  cu rre n t sheet fo rm s  a fte r th e  loss o f  e q u ilib r iu m  is de te rm ined  by 
s e ttin g  p  =  q — 0 in  (5.21) and (5.7). These equa tions g ive
J1“ (^ r)+,an',(£)
J
respective ly, w here r 0o is th e  f lu x  rope rad ius  a t A =  Ao =  1. S o lv in g  these tw o  equa tions 
w ith  r 0o =  0 . 1  fo r  h and J  gives
h “  =  1.8113
J '  =  0.9341,
w h ich  are the  values o f  h and J  a t the  m om en t a n e u tra l p o in t appea rs  a t the  base.
A s th e  f lu x  rope ju m p s  fro m  h =  hc to  h  =  h", a  p a r t  o f the  s to re d  m agnetic  energy  is 
converted  in to  th e  k in e tic  energy o f the  f lu x  rope. In  o u r  m odel i t  is assumed th a t  a ll o f 
the  energy released goes in to  k ine tic  energy. T he re fo re  th e  ve lo c ity  o f  th e  f lu x  rope is ju s t
h =  yj2[Wa -  W { h ) \ / m , (5.34)
w here W a is th e  to ta l free energy per u n it  leng th  s to re d  in the sys te m , i.e., W (h)  a t  the  
c r it ic a l p o in t. T h is  expression assumes th a t  the  mass is co ncen tra te d  in  th e  flu x  rope  and 
neglects th e  flu id  m o tions  and waves fro m  a d is tr ib u te d  mass.
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Forbes and  Priest [1995] showed th a t
(5.35)
S ince the  c r it ic a l p o in t corresponds to  an unstab le  e q u ilib r iu m , a p e r tu rb a tio n  o f  som e k ind  
is needed to  m ake th e  system  evolve. Here we use a  sm a ll in it ia l v e lo c ity  fo r  th e  f lu x  rope 
o f  a round  10 m /s ,  w h ich  is ~  10_o tim es the A lfv e n  speed a t x  =  0, y  =  0.
S u b s t itu t in g  Ac, h c. and J c in to  (5.35) leads to  VVS =  W (h c) =  3 .7 7 6 6 (/o /c )2. T here fo re , 
fro m  (5.34) we o b ta ine d  th e  v e lo c ity
o f  th e  flu x  rope  a t th e  m om en t th a t  th e  cu rre n t sheet form s. T h e  param eters  h m, J ” , and
(5 .33 ), w h ich describe  th e  e vo lu tio n  a fte r  the  fo rm a tio n  o f a c u rre n t sheet.
5 .5 .2  A fter the Form ation o f the Current Sheet
T a k in g  a spec ific  fo rm  fo r  p (y ) ,  such as p(y) =  co n s t o r  th a t g iven by (5.3*2), we solve the
h = h~ =  0 .3211 (5.36)
A” , toge the r w ith  th e  c o n d it io n  p =  q =  0 , p rov ide  th e  s ta r t in g  p o in t fo r  the in te g ra tio n  o f
s im u ltaneous  system  o f  d iffe re n tia l equations (5 .33 ) w ith  the in i t ia l  co n d itio n  (5 .36) and
w ith  M 4 as a free pa ram ete r. In  o rd e r to  inves tiga te  the  evo lu tio n  o f  the  sys tem  a fte r  the
fo rm a tio n  o f  a  c u rre n t sheet, we m o d ify  the  e qua tio ns  in (5.33) in to  fo rm s w ith  t im e  t  as
th e  a rgum en t:
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where th e  tim e  t is in  m inu tes . We s ta r t  cou n tin g  the  tim e  a t the  m om ent when the 
ca ta s tro p h ic  loss o f  m echanica l e q u ilib r iu m  occurs. F ro m  (5 .34), (5 .35), and (5 .36), i t  is 
easy to  ca lcu la te  th a t a t t =  1 2 .2 1  m in , nam ely a b o u t 1 2  m inu tes  a fte r  the system  loses 
e q u ilib r iu m , a neu tra l p o in t appears a t th e  boundary surface and a cu rre n t sheet begins to  
develop. So, the  in it ia l co n d itio n s  fo r th e  equations in  (5.37) are
t =  1 2 .2
h =  1.81
h =  0.321
p =  0
q =  0. (5.38)
P lugg ing  the  equations in  (5.33) in to  the  equations in (5.37) and so lv ing them  under
the  in it ia l cond ition s  in  (5 .3 8 ), we o b ta in  the  va ria tio n s  o f  f lu x  rope he ight h, v e lo c ity  h , 
cu rren t sheet param eters p and q, e tc., versus tim e  t.
I f  'V/A =  0, we recover the  results o f Forbes and Priest [1995]. In  th e  absence o f  reconnec­
tio n  and assum ing no energy is d issipated , the  f lu x  rope  oscilla tes ( like  a yo-yo) a round  an 
upper e q u ilib r iu m  a t h «  8 .9 , and the  h ighest lo ca tion  reached by f lu x  rope is a t h «  45.1 
(i.e., the  he igh t where h =  0  and the flu x  rope s ta rts  be ing  pulled back).
I f  A/ 4  >  0, escape is possible, b u t th e  flu x  rope m ay undergo several osc illa tions before 
escape occurs  as shown in  F ig u re  5-4, w h ich  shows th e  flu x  rope he igh t and ve lo c ity  as a
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F igure  5-4: V a ria tio n s  o f  h, h, p, and q versus t fo r reconnection  in the  iso th e rm a l a tm osphere  
model w ith  A /a =  0.001. T h e  un rea lis tic  osc illa ting  behav io r a t ea rly  tim es ind icates th a t  
th is  ra te  o f  reconnection  is to o  slow to  g ive a p lausib le  resu lt.
func tion  o f  t im e  fo r A/ 4  =  0 . 0 0 1  fo r the  iso the rm a l a tm osphere  m odel w ith  p(y) g iven by 
(5.3*2). T h e  reconnection  is so slow th a t  the  flu x  rope oscilla tes in  n e a rly  the  same m anne r 
as in the  id e a l-M H D  case. However, on each osc illa tion  th e  flu x  rope reaches greater h e ig h t 
because o f  th e  ongo ing  erosion o f the cu rre n t sheet by  reconnection . F in a lly , on the  fo u r th  
bounce, th e  f lu x  rope breaks free.
Since no C M E  has ever been observed to  reverse its  course and re tu rn  to  the Sun, 
o sc illa tin g  behav io r is n o t acceptable. To  avoid o sc illa tions , we have de te rm ined th a t  A / 4  
m ust be g re a te r th a n  ~  0.005. F igure  5-5 shows the  t ra je c to ry  fo r a case where A/ 4  exceeds 
th is  value. T h e  f lu x  rope moves con tinuo us ly  away fro m  the  Sun, b u t i t  does undergo a 
period o f  dece le ra tion  between t =  *20 and t =  100. However, i f  A/ 4  exceeds 0.041, no 
deceleration ever occurs as shown by the  exam ple in  F ig u re  5-6b fo r A/ 4  =  0.1.
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F ig u re  5-5: V a ria tio n s  o f  h , h , p , and q versus t fo r reconnec tio n  in the  iso the rm a l a tm osphere  
m odel w ith  M,x =  0.01. N o te  th a t (a) and (b) have d iffe re n t tim escales in  o rde r to  show 
b o th  sh o rt- and  long-te rm  behaviors. N o  o sc illa tio n  o ccu rs  in th is  case, b u t the  f lu x  rope 
experiences a s h o rt period o f  deceleration fro m  t a; "20 m in  to  t as 90 m in .
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F ig u re  5-6: V a ria tio n s  o f h, h, p , and q versus t fo r  reconnections w ith  M A = 0 . 1 :  (a) th e  
u n ifo rm  a tm osphere  model and  (b ) the iso th e rm a l a tm osphere m odel. N o te  th a t  the scale 
o f  p in  panel (a ) is expanded by  ‘2 0  tim es.
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F ig u re  5-7: T h e  highest a lt itu d e  the  f lu x  rope can reach ( to p  curve) and th e  height a t 
w h ich  dece lera tion  occurs (b o tto m  curve) as func tions  o f th e  A lfv e n  M ach n um be r A /A fo r 
th e  m odel w ith  an iso the rm a l a tm osphere .
B y  com pa ring  F igures 5-5 and 5-6 w ith  F ig u re  5-3a we can es tim a te  how  fa s t the f lu x  
rope  and the t ip s  o f  the cu rre n t sheet are m o v in g  re la tive ly  to  th e  local A lfv e n  speed. For 
th e  iso the rm a l case shown in  F ig u re  5-5 th e  f lu x  rope ’s speed exceeds the loca l A lfve n  speed 
w ith in  ju s t  a few  m inutes o f  the  s ta r t  o f  th e  e ru p tio n . (Ju d g in g  fro m  num erica l experim ents, 
th e  flu x -ro p e ’s speed w ill be lower, by a b o u t a fa c to r o f  2 , once the energy losses due to  
ra d ia tio n , evapo ra tion , and g ra v ity  are in c lu d e d .) For a b o u t the  f irs t 100 m in  th e  upper t ip  
o f  th e  cu rre n t sheet has nearly  the  same speed as the  flu x  rope, so a quas i-s teady tre a tm e n t 
o f  th e  reconnection process w ith in  the  sheet is no t possible u n t il ~  2  hours a fte r  the  s ta r t,  
a t w h ich tim e  th e  speeds o f  p and q are b o th  less than  5% o f  the  local A lfv e n  speed.
F igu re  5-7 sum m arizes the  behaviors o f  th e  system  as a fu n c tio n  o f M a fo r  th e  iso the rm a l 
a tm osphere (i.e ., an exp o n e n tia lly  decreasing d ens ity  w ith  h e ig h t). T he  to p  cu rve , ex tend ing
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fro m  M a  =  0 to  0.005, shows the  m a x im u m  he igh t reached before th e  f lu x  rope is pu lled  
back. T h e  b o tto m  cu rve  shows th e  he igh t a t w h ich  th e  force  on th e  f lu x  rope becomes 
nega tive  and causes i t  to  decelerate. T h e  existence o f  th e  tw o  c r it ic a l M ach  num bers, one 
fo r no o s c illa tio n  and  the  o th e r fo r  no  dece le ra tion , depends on th e  fa c t th a t  the  A lfv e n  
speed increases w ith  he ights a t la rge a lt itu d e . I f  th e  A lfv e n  speed decreases w ith  he igh t, 
as in  the  u n ifo rm  d e n s ity  m odel, th e n  these c r it ic a l M ach  num bers no longer exist (F ig u re  
5 -8 ). and the  flu x  rope  is a lways pu lled  back to  th e  Sun. T h is  is because as the f lu x  rope 
and c u rre n t sheet become higher and  longer, the  lo ca l A lfv e n  speed a t th e  cu rre n t sheet 
tends to  zero (F ig u re  5 -3b ), and thus , also the abso lu te  ra te  o f  reconnection . However, even 
in th is  case, th e  m a x im u m  height reached by th e  f lu x  rope fo r values o f  M a >  0 .1 , is so 
la rge  th a t  the  f lu x  rope can be said to  have escaped, since in  a m ore  rea lis tic , no n p la n a r 
m ode l, th e  f lu x  rope w ou ld  be en trappe d  by the so la r w in d  a t such a he igh t.
5 .6  E nergy R elease  as a  Function  o f  T im e
W ith o u t  reconnection , o n ly  a sm all percentage ( <  8 % ) o f  the  s to red  m agnetic  ene rgy  is 
converted  in to  k in e tic  energy when f lu x  rope loses e q u ilib r iu m . In c lu d in g  reconnection  
g re a tly  enhances the  a m o u n t o f energy th a t  is released, b u t i t  also changes the  tim e  scale o f 
the  release process. In  th is  section, we investiga te  how  th e  reconnection  affects the a m o u n t 
and ra te  o f  energy release.
B efore  the  n e u tra l p o in t appears, th e re  is no c u rre n t sheet, and th e  energy release has 
n o th in g  to  do w ith  reconnection . T h e  o u tp u t pow er is
dt
= F h ,  (5 .39)
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F ig u re  5-8: T he  same as F igu re  5-< b u t fo r the  m ode l w ith  an  a tm osphere  o f  u n ifo rm  
density .
w here F  and h  are g iven by  (5.25) w ith  p = q =  0 and  by  (5 .34 ), respectively. E q u a tio n  
(5 .39) gives the  v a ria tio n s  o f  P  as a fu n c tio n  o f h be fore  c u rre n t sheet form s. To  p lo t  P  
aga ins t t instead o f  h, th e  t im e  t is o b ta ine d  by in te g ra tin g  (5.34) w ith  W (h)  de te rm ined  
by (5 .35 ). T h is  gives t as a func tion  o f  h and makes i t  possible to  p lo t  P  as a fu n c tio n  o f  t 
by using h as a p a ra m e tr ic  param eter.
As the  c u rre n t sheet s ta r ts  develop ing, we have to  in te g ra te  th e  d iffe re n tia l equa tio ns  in  
(5.37) fro m  th e  t im e  w hen th e  neu tra l p o in t ju s t  appears a t the b o u n d a ry  surface and  then  
p lug  th e  resu lts  in to  (5 .25 ). F ina lly , com b in ing  the  equa tio ns  fo r  P  as a func tion  o f  h and 
th a t  fo r  h as a fu n c tio n  o f  t , we o b ta in  th e  P  versus t p lo t as show n  in  F igu re  5-9. T h is  
pow er versus t im e  cu rve  e xh ib its  th ree  d is t in c t phases. A t  f irs t  th e  ra te  o f  energy release is 
ve ry  low , b u t a fte r  ~  8  m in  the  ra te  escalates ra p id ly  to  a second phase w ith  a v e ry  h igh
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F igure  5-9: O u tp u t power P  versus t im e  t fo r an iso th e rm a l a tm osphere  and fo r iV/ A0 =  
0.1. The  inse t shows the  same result, b u t  i t  has an expanded tim e  scale to  show b e tte r  the  
in it ia l e v o lu tio n .
power o u tp u t  th a t  is susta ined fo r o n ly  a b o u t a m in u te  o r  so. A  dec line  then ensues th a t  
leads to  a m o d e ra te ly  low  o u tp u t th a t lasts many hours. O vera ll, th e  behavio r is s im ila r  to  
th a t  fo r th e  lig h t curves o f  long -du ra tion  events, bu t since we do no t ca lcu la te  the a m o u n t o f 
m agnetic energy th a t  goes in to  ra d ia tio n , the  phases o ccu rrin g  in  F ig u re  5-9 do no t d ire c t ly  
correspond to  those o f an ac tua l lig h t cu rve . F u rthe rm ore , since an X -typ e  n e u tra l line 
appears a fte r  the  onset o f  the  e rup tion , rad ia tive  fea tu res, such as chrom ospheric  ribbons  
and X -ra y  loops, appear a fte r  the  s ta r t o f  th e  e rup tion  its e lf. In o rd e r to  d is tingu ish  between 
the  three phases o f  energy release curve  and those o f  a lig h t cu rve  we w ill use the  te rm s  
‘“precursor”  to  refer to  th e  in it ia l phase, “ explosive”  to  re fe r to  the  second phase, and “ la te ”  
to  refer to  th e  fin a l phase.
In it ia lly , the  f lu x  rope ve lo c ity  is p ro p o rtio n a l to  th e  p e r tu rb a tio n  ve loc ity  Sh used to
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p e r tu rb  th e  f lu x  rope from  its  e q u ilib r iu m  p o s it io n . W e take 8h  ss 10 m /s , co rrespond ing  to  
10 - 5  o f  th e  am b ien t A lfve n  speed. T h is  value leads to  a p recurso r phase o f ~  8  m in  followed 
b y  an exp losive  phase th a t begins a few m inu tes  before the  X -p o in t  appears. O nce recon­
nection  s ta rts , th e  energy conversion increases, and the  o u tp u t pow er reaches its  m ax im um  
a t  ~  15 m in . A lth o u g h  reconnection is now im p o r ta n t,  the  t im e  scale o f the  ene rgy  release 
is s t i l l  p r im a r ily  th e  A lfve n  tim e  scale. O n ly  a f te r  a large c u rre n t sheet has fo rm ed  does the 
reconnection  t im e  scale s ta r t to  show  in the  energy release. I f  th e  reconnection w ere so fast 
th a t  no c u rre n t sheet form ed, a ll th e  energy w o u ld  be released in a b o u t an h o u r. However, 
w ith  AT* =  0.1 as shown in F igu re  5-9, the  ene rgy  release takes m ore than 10 hours.
T h e  m odel by Martens and Kuin  [1989] a lso e xh ib its  s im ila r  energy release behavio r 
d u r in g  th e  in it ia l developm ent. A s in  o u r m ode l, th e y  use a loss o f  e q u ilib r iu m  to  tr ig g e r 
th e  e ru p tio n , b u t, un like  our m odel, they  assume th a t  the  c u rre n t sheet is much s h o rte r than  
g lo b a l scale leng th  o f  the  fie ld. T h u s  th e ir  m ode l does no t p ro v id e  an adequate descrip tion  
o f  th e  fie ld  i f  the  c u rre n t sheet becomes long. F o r the  case showm in  F igu re  5-9 the  sho rt 
c u rre n t sheet a p p ro x im a tio n  used by Martens and Kuin  [1989] is va lid  fo r o n ly  ~  5 m in 
a f te r  the  appearance o f  the c u rre n t sheet because o f  the ra p id  ra te  a t which th e  cu rren t 
sheet grow s re la tive  to  the rate o f  reconnection . T h u s , in  th is  case, a more exact tre a tm e n t 
o f  th e  c u rre n t sheet is required in o rd e r to  fo llo w  the  long te rm  evo lu tion .
T h e  difference between the rates o f  rise and  decline in th e  energy release ra te  reflects 
th e  tim escales o f  d iffe re n t physical processes. F ro m  o u r d iscussion above we know  th a t  the 
in i t ia l  e vo lu tio n  is m a in ly  driven by an id e a l-M H D  process, nam ely, the  ca ta s tro p h ic  loss o f 
e q u ilib r iu m  th a t is governed by th e  A lfve n  t im e  scale. H owever, th is  process leads to  the 
deve lopm ent o f a c u rre n t sheet th a t  ha lts  the  fu r th e r  e vo lu tio n  unless reconnection  occurs. 
So, th e  tim e  scale o f  the  subsequent e vo lu tio n  is de te rm ined by  th e  ra te  o f  reconnection .
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Since th e  reconnection  tim e  scale is long  com pared to  the  A lfv e n  tim e  scale, w e observe 
a  lo n g  and s low  decline. Thus we conc lude th a t th e  d ifference between the  rise t im e  and 
dec line  t im e  a c tu a lly  reflects the  fu n d a m e n ta l d iffe rence  between th e  A lfv e n  t im e  scale and 
th e  reconnection  tim e  scale.
5 .7  Current Sheet E volu tion
T h e  loca l A lfve n  speed is evaluated a t  the  m id p o in t o f  th e  c u rre n t sheet in  o u r fo rm u la tio n . 
A t  th e  m om ent when th e  neu tra l p o in t appears, we have a zero leng th  c u rre n t sheet a t 
w h ich  th e  m agnetic  fie ld , and th u s  th e  loca l A lfve n  speed, is zero as shown in  F ig u re  5- 
3b . T h is  im p lies  a zero reconnection ra te , and a c u rre n t sheet im m e d ia te ly  fo rm s fo llo w in g  
th e  appearance o f  the  neu tra l p o in t. I t  is o n ly  a fte r  th e  sheet has achieved a s ig n ifica n t 
le n g th  th a t  the  loca l A lfve n  speed show s th e  effect o f  th e  background  fie ld  (see F ig u re  5-3a). 
O nce th e  background fie ld  becomes im p o r ta n t,  i t  a ffec ts  the  le n g th  o f  the  c u rre n t sheet. 
In  th e  iso the rm a l m odel the  A lfve n  speed increases w ith  he igh t a t  large d is tance , so the 
abso lu te  ra te  o f  reconnection [i.e., E z =  — ( 1  / c ) ( # A o /d i ) ]  increases w ith  tim e . T h is  increase 
exp la ins  w h y  the  c u rre n t sheet g ro w s  s h o rte r a fte r  a b o u t t =  5 hours in F igu res  5-5 and 
5 -6b . B y  co n tra s t, in  the  un ifo rm  d e n s ity  m odel th e  A lfve n  speed decreases w ith  he igh t, 
so th e  abso lu te  ra te  o f  reconnection a lw ays decreases w ith  tim e . C onsequently , th e  c u rre n t 
sheet never grow s s h o rte r (F igu re  5 -6a ).
T h e  effect o f  th e  d iffe ren t reconnection  rates is m ore  no ticeab le  in  the  p o s itio n , p , o f 
th e  low er t ip  o f  the  c u rre n t sheet th a n  in the  p o s itio n  o f  the  u p p e r t ip ,  q. T h is  is n o t so 
su rp r is in g  since in  the  absence o f  reconnection , p  rem a ins  equal to  zero, w h ile  q does n o t. 
A s  th e  inset in  F igu re  5-5a shows, p  in it ia l ly  rises a t a  rap id  ra te  b u t then  s ta r ts  to  s low  
w ith  t im e . T h is  p a tte rn  o f  m otion  is ch a ra c te ris tic  o f  pos t-fla re  loops, w h ich  are associated
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F ig u re  5-10: A  com parison  between th e  tra je c to ry  o f  th e  g ia n t X - ra y  arches created by a 
C M E  and th e  “ p o s t''- f la re  loops crea ted  by  an e ru p tiv e  fla re  ( fro m  Forbes and Lin  [2000]).
w ith  th e  reconnection  process th a t o ccu rs  in  the co rona  d u rin g  fla res.
Svestka et al. [1997] have noted th a t  a lthough  th e  g ia n t X - ra y  arches o ften  generated 
a f te r  C M E s  are s im ila r  in  appearance to  post-flare loops, th e y  ty p ic a lly  have a d iffe re n t 
- p a tte rn  o f  m o tio n , nam ely, a t high a lt itu d e s , th e ir u pw a rd  ve lo c ity  rem ains nearly  con s ta n t 
o r  m a y  even increase w ith  tim e  (F ig u re  5-10). Because o f  th is  d if fe re n t p a tte rn  o f m o tio n , 
th e re  has been some d o u b t as to  w h e th e r the g ia n t arches could be exp la ined by the  same 
process as occurs in  p o s t-fla re  loops [Simnett and Forbes. 1991; Svestka et al., 1995]. O u r 
m ode l here suggests th a t  th e y  can and th a t  the  d iffe re n t m o tion  th e y  e x h ib it is because th e y  
lie  a t  an a lt itu d e  w here the  A lfve n  speed is increasing w ith  he igh t, ra th e r than  decreasing 
as i t  does a t low  a lt itu d e . C onsequently , the low er t ip  o f  the  c u rre n t sheet rises a t  an 
inc reas ing  speed because o f  th e  increase in  the  abso lu te  ra te  o f reconnection . Thus features 
like  pos t-fla re  loops and g ia n t arches th a t  are associated w ith  th e  low er t ip  o f  the  c u rre n t 
sheet show d iffe re n t p a tte rn s  o f m o tio n  because o f  th e  d iffe re n t a lt itu d e s  a t w h ich  th e y  
o c c u r re la tive  to  the  h e igh t a t which th e  A lfve n  speed s ta r ts  to  increase.
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F ig u re  5-11: T h e  e lectric  fie ld  a t the cu rren t sheet as a fu n c tio n  o f tim e  fo r  the  iso the rm a l 
m odel w ith  M K =  0.1 (same case as in  F ig u re  5-9).
A n o th e r im p o r ta n t aspect o f  th e  cu rre n t shee t’s e vo lu tio n  is the  behav io r o f  the e lec tric  
fie ld  in  i t .  T h is  fie ld  not o n ly  reflects the abso lu te  ra te  o f  reconnection, b u t i t  m ay also be 
im p o r ta n t fo r  the  acceleration o f  energetic pa rtic les . F ig u re  5-11 shows th e  e lec tric  fie ld  as 
a fu n c tio n  o f  t im e  fo r the  iso th e rm a l model w ith  M ,4 =  0.1. Since the  c u rre n t sheet does 
no t appear u n t i l  a fte r the  e ru p tio n  has a lready  s ta rte d , th e  cu rren t sheet’s e lectric  fie ld  is 
no t preceded by a precursor phase. The fie ld  rises ra p id ly  to  its  peak value w ith in  an A lfv e n  
tim e  scale and then decreases to  a  much low er ra te  th a t  is susta ined fo r a considerab le t im e . 
T h e  co m b in a tio n  o f  a high peak fie ld fo llow ed by a susta ined low  level fie ld  is suggestive 
o f  th e  p ro d u c tio n  o f  the energe tic  partic les in fe rred  from  X -ra ys  and 7 - rays fo r  large, tw o - 
r ib b o n  flares associated w ith  C M E s . These e ru p tio n s  produce a high o u tp u t  o f  energetic 
pa rtic les  d u r in g  th e ir  im pu ls ive  phase fo llow ed by a low -leve l o u tp u t th a t  is sustained fo r
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5.8  Sum m ary
[n  th is  chap te r, we have co n s tru c te d  a f lu x  rope m ode l o f  a so la r e ru p tio n  th a t inco rpo ra tes  a 
feedback loop  between the  reconnection  process beh ind  the  flu x  rope and the m agnetic  force 
w h ich  propels i t  o u tw a rd . T h e  feedback occurs because th e  p ropu ls ion  force and the  absolute 
reconnection  ra te  ( E = =  M _ \V \B y/ c) depend on each o th e r. T h e  m odel tre a ts  M .4 , the 
re la tive  reconnection  ra te , as a free p a ram e te r and does no t genera lly  assume any p a rtic u la r  
m odel fo r th e  reconnection  process itse lf. F o r il lu s tra t iv e  purposes, we have assumed th a t 
M .4 is a co n s ta n t, less th a n  u n ity , as has been proposed by Matthaeus and Lamkin  [1986] 
fo r  tu rb u le n t reconnection , b u t th e  m odel can eas ily  be m od ified  to  in co rpo ra te  values o f  
M 4 , w h ich  are fu n c tio n  o f  space and tim e . VVe assume th a t  the  m agne tic  field produced by 
cu rre n ts  flo w in g  in  th e  reconnection  reg ion are, a t least a t large d istances from  the  region, 
w e ll a p p ro x im a te d  by th e  fie ld  o f  an in f in ite ly  th in , v e rtic a l c u rre n t sheet.
T h e  tw o  p r in c ip a l d ifferences between o u r m odel and the  prev ious one by Martens and  
Kuin  [1989] are as fo llow s: f irs t ,  we have o b ta ine d  an exact so lu tio n  fo r  the m agnetic  fie ld 
ra th e r  th a n  an a p p ro x im a te  one. T h e  exact so lu tio n  a llow s us to  fo llo w  the evo lu tio n  even 
when the  c u rre n t sheet is la rge com pared  to  the  scale leng th  o f  th e  photospheric  fie ld . 
Second, we have expressed th e  reconnection  ra te  in  th e  c u rre n t sheet in  term s o f  th e  in flow  
A lfv e n  num ber 'M.4 , ins tead o f  a co n s ta n t sheet resistance as d id  Martens and Kuin  [1989]. 
B y  expressing the  reconnection  ra te  in  te rm s  o f  M .4 and re q u ir in g  i t  to  be less th a n  un ity , 
we can m ake sure th a t  the  in flo w  never becomes unphys ica l by exceeding the loca l A lfven  
speed. A lso , we can e s tim a te  the  m in im u m  value o f  M .4 needed to  g ive  a p lausible e rup tion , 
and thus , in  p rin c ip le , co n s tra in  reconnection  theories w h ich  p re d ic t specific values o f  M .4 .
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F o r th e  purpose o f  c a lc u la tin g  q u a n tit ie s  as a  fu n c tio n  o f  t im e  we have assumed th a t 
the  f lu x  rope can be tre a te d  as a p ro je c tile . H ow ever, i t  is possib le  to  ca lcu la te  q u a n titie s , 
such as the  pos itions o f  the  u p p e r and  lower t ip s  o f  the  c u rre n t sheet and th e  a m o u n t o f  
m agne tic  energy released as a fu n c tio n  o f  he ight w ith o u t  m ak ing  th is  assum ption . T re a tin g  
the  f lu x  rope as a p ro je c tile  ove res tim a tes  the  speed o f  the  flu x  rope  because a ll o f  m agnetic  
energy th a t  is released goes in to  th e  k in e tic  energy o f  the f lu x  rope. In a m ore  rea lis tic  
m odel, much (perhaps as m uch as h a lf)  o f  the  ene rgy  w ould be converted  in to  hea tin g  and 
the  wave energy associated w ith  th e  gene ra tion  o f  a fast-m ode shock in fro n t o f  th e  flu x  
rope.
O u r m ain conclusions can be sum m arized  as fo llow s :
1 . M o d e s t reconnection rates (as measured by  i l / 4 )  are su ffic ien t to  a llow  the flu x  rope to  
escape in to  in te rp la n e ta ry  space. F o r o u r  m ost re a lis tic  model ( th e  one w ith  an iso th e rm a l 
a tm osphere ) a sm oo th  escape occu rs  fo r  a ll cases w ith  M 4  >  0 .005. T hus the  p rob lem  o f 
open ing  the  m agnetic  fie ld  by a p u re ly  ideal process th a t  was f ir s t  noted by Aly  [1984] can 
be avo ided i f  a sm a ll am oun t o f  reconnection  is a llow ed  to  occur.
2. A n  extensive c u rre n t sheet fo rm s  a fte r an e ru p tio n  even w hen M 4 is o f  o rd e r un ity . 
T he  c u rre n t sheet s ta r ts  to  sho rten  o n ly  d u r in g  th e  la te  phase severa l hours a fte r onse t. For 
values o f  A/ 4  less th a n  u n ity  th e  lo w e r t ip  o f the  c u rre n t sheet rises so slow ly, com pared to  
the  uppe r t ip ,  th a t m ost o f  the  m a g n e tic  fie ld appea rs  to  become open to  in f in ity  before 
a s u b s ta n tia l am oun t o f  reconnection  has o ccu rred . T h is  behav io r is consistent w ith  th a t 
observed by the L A S C O  co ronag ra ph  on S O H O , nam ely, th a t  th e  field lines appea r to  
become fu lly  opened before any X -p o in t  appears above 1.2 so lar ra d ii,  the  m in im u m  a lt itu d e  
allowed by  the  S O H O  o ccu ltin g  d is k  [Antiochos et al., 1999].
3. T h e  m odel has the  p o te n tia l to  exp la in  th e  d iffe ren t p a tte rn s  o f m o tio n  seen in
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pos t-fla re  loops and g ian t X -ra y  arches, i f  we assume th a t  these s tru c tu re s  occurs on the  
fie ld  lines m app ing  to , o r ju s t  below, the low e r t ip  o f  th e  cu rre n t sheet. A t  the re la tive ly  
lo w  a ltitu d e s  o f  post-fla re  loops, the  m odel p red ic ts  th a t  the  rise ra te  o f  th e  loops shou ld  
co n tin u a lly  slow  w ith  tim e . However, a t th e  re la tive ly  h igh a ltitudes  o f  g ia n t arches, the  
m odel p red ic ts  th a t the rise ra te  o f the  arches should increase w ith  t im e . T he  tra n s it io n  
between the  tw o  d iffe ren t p a tte rn s  o f m o tio n  occurs when the X -line  reaches the a lt itu d e  
where the  A lfve n  speed o f  th e  am bient co rona l field s ta r ts  to increase w ith  height due to  
the  fa ll o f f  in  corona l density.
4. F in a lly , the  model p red ic ts  th a t th e re  should be a co rre la tion  between the o u tp u t 
pow er o f the e ru p tio n  and th e  g row th  and decay o f the  c u rre n t sheet. T h e  qu ick  d ro p  o f 
o u tp u t power a t the  end o f  the  explosive phase is re la ted  to  the  deve lopm ent o f  a long  
c u rre n t sheet, w h ile  the long life  tim e o f  th e  la te  phase is re lated to  th e  extended tim e  i t  
takes fo r reconnection to  d iss ipa te  the c u rre n t sheet.
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Chapter 6
Eruptions Triggered by Newly 
Emerging Flux
Using a s im p le  m odel fo r  e ru p tio n s , we investiga te  how an e x is tin g  m agne tic  co n fig u ra tio n  
c o n ta in in g  a f lu x  rope evolves in  response to  new  em erging flu x . Such an in ve s tig a tio n  
is m o tiva ted  by the  suggestion o f  several researchers (e.g. Feynman and Martin  [1995]: 
Wang and Sheeley [1999]; and Canfield et al. [1994]) th a t  new em erg ing  f lu x  regions in  
the  photosphere cou ld  destab ilize  a p re -ex is ting  f lu x  rope o r  arcade. O u r  results show  
th a t  the  emergence o f  new f lu x  can cause a loss o f  ideal M H D  e q u ilib r iu m  under ce rta in  
c ircum stances, b u t the  c ircum stances which lead to  e ru p tio n  are much r ich e r and m ore  
com p lica ted  th a n  one m ig h t expect given the  s im p lic ity  o f  the  m odel th a t we discuss in  th is  
chap te r. T he  m odel resu lts  suggest th a t the a c tu a l c ircum stances lead ing  to  an e ru p tio n  
are sensitive, n o t o n ly  to  the  p o la r ity  o f  the em erg ing region as previous researchers have 
proposed, b u t also to  several o th e r  param eters, such as the  s tre n g th , d is tance , and area o f  
the  em erg ing region. Based p r im a r ily  on s im ple  ca rtoon  m odels o f the  c o n n e c tiv ity  o f  th e  
fie ld lines in  the  v ic in ity  o f  a f lu x  rope, various researchers have argued th a t  th e  emergence 
o f  new flu x  w ith  an o r ie n ta tio n  w h ich  a llows reconnection w ith  the p re -e x is tin g  f lu x  (a  
process som etim es referred to  as tether cutting) w il l  genera lly lead to  d e s ta b iliza tio n  o f  th e  
co rona l o r prom inence m agne tic  fie ld . A lth o u g h  o u r results can rep lica te  such behav io r fo r  
ce rta in  res tric ted  classes o f  b o u n d a ry  cond ition s , we find th a t  in  general th e re  is no s im ple ,
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un iversa l re la tion  between th e  o r ie n ta tio n  o f  th e  em erg ing f lu x  and the like lih o o d  o f  an  
e ru p tio n .
6.1 Introduction
In th e  1970’s, new em erg ing  f lu x  was considered as possib ly  th e  m a in  tr ig g e r o f  so la r fla res 
and perhaps also co rona l mass e jections (C M E s) [Rust et al. 1980]. Some ground-based 
observations appeared to  show  a  s tro n g  co rre la tio n  between so la r flares and the  emergence 
o f  new m agnetic f lu x  [/?us£ 1972 and 1975]. R ust  [1972] and his co-w orkers [7?us£ and Roy  
1974; Rust et al. 1975: Rust and Bridge 1975] fo u n d  th a t fla res som etim es occu r close to  
ra p id ly  evo lv ing  m agne tic  fea tu res  w h ich  emerge w ith  th e ir  p o la r ity  reverse to  th a t  o f th e  
su rro u n d in g  region [Rust 1973]. T h e ir  results also agree w ith  th e  observations in  H a  m ade 
by Vorpahl [1973]. M o tiv a te d  by  these observa tions, Heyvaerts et al. [1977], proposed a 
p laus ib le  model o f  so la r flares, w h ich  has subsequen tly  received a  g rea t deal o f  a tte n tio n . 
In  th e ir  m odel, a fla re  o rig in a te s  due to  the  sudden onset o f  m a g n e tic  reconnection between 
a new ly  em erging f lu x  system  and an old p re -e x is tin g  f lu x  sys te m . The sudden onset 
is caused by the appearance o f  a  p lasm a m ic ro in s ta b ility  w ith in  th e  cu rre n t sheet w h ich  
g re a tly  enhances th e  e ffective  re s is tiv ity , b u t th e  exac t na tu re  o f  th e  m ic ro in s ta b ility  is n o t 
prescribed. One m ay find  m ore in fo rm a tio n  a b o u t these earlie r observa tions and models in  
the  reviews by Svestka  [1976 and  1981], Van Hoven et al. [1980], Sturrock  [1980], and Zirin  
[1988].
L a te r  in  tim e , Martin et al. [1982 and 1984], showed th a t  th e  apparen t c o rre la tio n  
between em erging f lu x  and fla res  was no t s u ff ic ie n tly  s trong  to  s u p p o rt the m ode l o f  Hey­
vaerts et al. [1977]. T h e ir  s tu d ie s  seemed to  suggest th a t  so m e th in g  more th a n  the  onset 
o f  reconnection in  a  s im ple  c u rre n t sheet m ust be invo lved , th u s  th e  general in te res t in
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th e  em erg ing  flu x  as a fla re -tr ig g e r waned. However, in terest in  em erg ing f lu x  revived a 
few  years ago, when Feynman and Martin  [1995] presented new observa tiona l evidence th a t 
e ru p tio n s  o f  quiescent prom inences and associated C M E s sometimes occur as a  consequence 
o f  th e  in te ra c tio n  between new ly  em erg ing  ac tive  regions and the  p re -e x is tin g  large-scale 
m agne tic  fie ld  co n ta in in g  th e  prom inence.
T h e y  observed, on the  basis o f  m ore th a n  30 events, th a t prom inence e ru p tio n s  often 
occu r s h o r t ly  a fte r  the appearance o f  a  new m agne tic  bipole in the v ic in ity  o f  th e  p rom i­
nence’s m agne tic  channel. T h e y  also found  th a t th e  o rien ta tion  o f  the  b ip o le  re la tive  to  
the  m agne tic  channel was no t im p o r ta n t i f  the  b ipo le  emerged w ith in  the  channe l, close to  
th e  p o la r ity  invers ion  line. H owever, the  o r ie n ta tio n  was im p o rta n t i f  the  b ip o le  emerged 
o u ts ide  th e  channel b u t s t i l l  in  the  p ro x im ity  o f  th e  prom inence. For these la t te r  cases they 
found  an o r ie n ta tio n  w hich p e rm its  an X - lin e  to  fo rm  in the corona between the  em erging 
b ipo le  and the  prom inence (i.e . an o r ie n ta tio n  defined as ‘“favo rab le ”  fo r  reconnection) 
w ou ld  usua lly  lead to  an e ru p tio n , w h ile  an o r ie n ta tio n  which d id  not p e rm it an X -lin e  to  
fo rm  (i.e . the  o r ie n ta tio n  defined as "u n fa vo ra b le ”  fo r  reconnection) w ou ld  u su a lly  no t lead 
to  an e ru p tio n . N o t a ll o f  the  events s tud ied  f i t  th is  pa tte rn , as there were a few excep­
tio n s  w h ich  showed th a t som etim es e ru p tio n s  occurred  w ith o u t the  presence o f  a nearby 
new ly  em erg ing  flu x , and th a t  som etim es no e ru p tio n  occurred despite  the  presence o f  newly 
em erg ing  flu x . A lso , there  were a few cases where e ru p tio n  occurred even th o u g h  the  orien­
ta t io n  was ‘“un favorab le ”  and a few cases w h ich  fa iled  to  e rup t even though  th e  o rie n ta tio n  
was “fa vo ra b le ” .
L a te r  on, Wang and Sheeley [1999] repo rted  th ree  examples o f  fila m e n t e ru p tio n s  near 
new ly  fo rm in g  b ip o la r m agnetic  regions w h ich  are consistent w ith  the fin d in g s  o f  Feynman 
and M artin  [1995]. Several re la tive ly  recent s tud ies on the general p rope rties  o f  em erging
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f lu x  in  th e  photosphere have been com p le ted  by Canfield et al. [1996], Kurakawa a nd  Santo  
[2000], Srivastava et al. [2000], Tang et al. [2000], and Chen and Shibata [2000].
In  th is  chapter, we investiga te  how  an e ru p tio n  can be in it ia te d  by th e  d e s ta b iliza tio n  o f  a 
force-free f lu x  rope due to  the  emergence o f  new flux . In  th e  next section , we sum m arize  the  
previous f lu x  rope m odel th a t  is the  basis o f  o u r  analysis, and  then we describe the  m agne tic  
co n fig u ra tio n  on w hich th e  present w o rk  is based. Section 6.3 presents the  ana lys is o f  the  
m agnetic  con figu ra tions  e q u ilib r iu m  in  response to  a new ly  em erging f lu x  region. In  section 
6.4. we com pare  ou r resu lts  w ith  the  pub lished observations, and fin a lly , we sum m arize  the  
results o f  th e  analysis in  section 6.5.
6.2 D escrip tion  o f  th e M od el
O u r m odel applies the  id e a l-M H D  equa tions  fo r  q u as i-s ta tic  e q u ilib r ia  to  a  tw o -d im ens ion a l 
c o n fig u ra tio n  con ta in ing  a f lu x  rope. R ea lis tica lly  m ode ling  the effect o f  an em erg ing  f lu x  
region on a f lu x  rope re a lly  requires a th ree -d im ens iona l tre a tm e n t since em erg ing  flu x  
regions are never observed to  have th e  long  linear s tru c tu re  th a t  we assume. Thus th e  best 
we can hope to  achieve w ith  a  model in  w h ich  the em erg ing  region, as w e ll as the f lu x  rope, 
are tre a te d  as tw o-d im ensiona l is a basic understand ing  o f  the  u n d e rly ing  process le a d in g  to  
e ru p tio n . F o r exam ple, we can use a tw o-d im ens iona l m ode l to  de te rm ine  w hether so-ca lled 
ute th e r c u t t in g ”  as a re su lt o f  m agnetic  reconnection between an em erg ing  and p re -e x is tin g  
f lu x  system s can lead to  e ru p tio n  as has been proposed by  Canfield et al. [1994] and Canfield 
and Reardon  [1998].
In the  absence o f s ig n ifica n t gas pressure g rad ien t and g ra v ity , equa tio n  (3.6) and re la tio n  
(3.7) can be used to  c o n s tru c t an e v o lu tio n a ry  sequence o f  force-free e q u ilib r ia  in  response 
to  q u a s i-s ta tica lly  slow  changes in  th e  photosphere. T h a t  is, changes w h ich  occur on  tim e -
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scales m uch g re a te r th a n  th e  tim e  fo r m agnetoacoustic  waves to  cross th e  co n fig u ra tio n .
6 .2 .1  S y n o p s i s  o f  P r e v i o u s  M o d e l
T h e  new m ode l in  th is  c h a p te r is an extens ion  o f  the  p rev ious  one by  Forbes and fsenberg 
[1991] fo r a f lu x  rope m a g n e tica lly  suspended above a photosphere w ith  the  b o u n d a ry  
c o n d itio n  (3 .1 3 ). A  c u rre n t c a rry in g  f lu x  rope o f  rad ius ro is used to  m ode l the  m agnetic  
c a v ity  in  w h ich  the  p rom inence  sits. U n like  the  p revious model by Forbes and Isenberg 
[1991]. we w il l  assume here th a t  the pho tospheric  b o u n d a ry  co n d itio n  evolves a t a  ra te  
w h ich  is m uch slow er th a n  th e  rate o f  reconnection in  th e  corona so th a t  no s ig n ifica n t 
cu rre n t sheet fo rm s in  th e  co rona  p rio r to  e ru p tio n . T he re fo re , the  sources o f  the co rona l 
m agnetic  fie ld  are ju s t  th e  f lu x  rope and th e  pho tospheric  sources em bod ied  by .4 (z , 0 ). 
E qua tion  (3 .6 ) is replaced by (4 .2 ), and j~  ju s t  equals to  j /  in  (4.4), na m e ly
iz{x ,  y) =  r(h)S(x)S{y -  h),  (6 . 1 )
since the  m a gne tic  c o n fig u ra tio n  th a t we are  focusing on here does n o t c o n ta in  the cu rre n t 
sheet.
6 .2 .2  M a g n e t i c  C o n f ig u r a t io n s  w i t h  N e w  S o u r c e
T o  include an em erg ing  f lu x  source, we m o d ify  the  b o u n d a ry  co n d itio n  (3 .13) to
m d _______syd
x 2 +  d2 ( x - X d ) 2 +  yd '-4 (x , 0 ) =  Z T T Z n  +  t6 ' 2 )
so th a t in  a d d it io n  to  th e  tw o -d im ens ion a l line-d ipo le  o f  s tre n g th  m  loca ted  a t x  =  0 , 
y  =  —d. we now  have a second tw o -d im ens iona l line -d ipo le  o f  s tre n g th  s  loca ted  a t x  =  x d,
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y  =  yd, and fu n c tio n  <p(t) in  bound a ry  c o n d it io n  (3.13) w h ich  plays th e  ro le  o f describ ing  
th e  change o f  background fie ld  in  system ’s e v o lu tio n  is now  replaced by s, Xd and yd in  ( 6 .2 ) . 
T h e  d isappearance o f  th e  p rev ious b ila te ra l s ym m e try  in tro d u ce s  a h o rizo n ta l d isp lacem ent 
Xh o f  th e  f lu x  rope d u r in g  th e  evo lu tion  in  a d d it io n  to  th e  ve rtica l d isp lacem ent yh. T h is  
means th a t  the  line  c u rre n t (6 . 1 ) w h ich  represents the  e x te rn a l fie ld o u ts id e  the f lu x  rope 
becomes
where (xh, yh ) is the  new p o s itio n  o f  the  f lu x  rope.
As in  th e  previous m ode l, the  dep th  o f  the  p re -e x is tin g  d ipo le , d. is chosen to  be the  
ch a ra c te r is tic  leng th  scale to  w h ich  a ll leng ths  are no rm a lize d . T h ree  o th e r param eters , 
M , S ,  and To, are used to  no rm a lize  m , s, and /  in e q u a tio n s  (6.2) and  (6 .3), such th a t  
M /o  =  m c/(4 d ) ,  SIo  =  sc/{4d),  and I  =  J I q, where I q has the d im ension  o f  c u rre n t 
in te n s ity , and M ,  5 ,  and J  are dim ensionless param eters. T h u s , equa tions (6.2) and (6 .3) 
become
j=(x, y) = I { x h, yh)S{x -  x h)S(y -  yh), (6 .3 )
A ( x ,  0) = 4/p M _________ S y d
c x 2 +  l  ( x - x d ) 2 +  y'd
(6 .4 )
and
■d'(x -  x h)S(y -  y h) (6 .5 )
respective ly . S u b s titu t in g  (6 .4 ), (6-5), and (4.7) in to  (4 .6) g ives
2  iM  :2iS
H — r H--------------   —  ,
* 4* * z  — Xd +  iyd\
(6 .6)
w here i  =  y /— 1 , z  — x  + iy ,  Zh =  Xh+  iyh, z h — x h ~  iyh, and  means ta k in g  the  real p a r t
o f  the  expression in square brackets. F ig u re  6-1 p lo ts  th e  co n to u rs  o f  A ( x ,  y) fo r a ty p ic a l










F ig u re  6 - 1 : C o n to u rs  o f  the  f lu x  func tion  A (x ,  y) g iven by  equation (6 .6 ). For th is  con fig ­
u ra tio n  roo =  0.01, M  =  1, 5 = 1 .5 , Xd =  3.25, yd =  1-5, Xh =  1.72, and yh =  2. The  
ind ica tes  the  cen te r o f  the flu x  rope.
co n fig u ra tio n  g iven by (6 .6 ) w ith  M  = 1 fo r  the  p re -e x is tin g  d ipo le  loca ted  a t (0, —1), and 
S =  1.5 fo r  the  new em erg ing d ipo le  located a t (3.25, —1.5). The  e q u ilib r iu m  pos ition  o f 
the  f lu x  rope is then  located a t ( 1 .8 , 2 ).
6 .2 .3  C o n f ig u r a t io n s  in  E q u il ib r iu m
In response to  the  change o f  the  background fie ld , the  m agne tic  co n fig u ra tio n  in the  m odel 
ad jus ts  its  e q u ilib r iu m  sta tes successively. P r io r  to  reach ing  a c r it ic a l p o in t,  th is  a d ju s tm e n t, 
o r e vo lu tio n , is quas i-s ta tic  and contro lled  by  the pho tosphe ric  m o tio n s  w ith  a t im e  scale 
th a t  is much longer than  th e  m agnetic reconnection t im e  scale in th e  corona. T hus , the  
co n fig u ra tio n  m ay con ta in  an X -p o in t, b u t i t  does n o t con ta in  a c u rre n t sheet u n t il th e
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m agnetic  co n fig u ra tio n  loses e q u ilib r iu m .
E q u ilib r iu m  requires th a t  th e  to ta l force a c tin g  on the  f lu x  rope vanishes. A s  long  as th e  
f lu x  rope rad ius , ro, is sm a ll com pared  to  a ll o th e r leng th  scales, the  e x te rn a l fie ld  B e ( th e  
to ta l fie ld B  m inus the c o n tr ib u tio n  from  th e  f lu x  rope) is e ffec tive ly  u n ifo rm  w ith in  the  f lu x  
rope. The c o n d it io n  fo r f lu x  rope e q u ilib r ia  th e n  dissociates in to  tw o  sepa ra te  con d itio n s : 
one fo r the loca l e q u ilib r iu m , w h ich  leads to  (4 .17) re la tin g  7*0 to  J , and one fo r  the  g lo b a l 
e q u ilib r iu m . T h e  g loba l e q u ilib r iu m  is o b ta in e d  by s e ttin g  th e  ex te rn a l fo rce per u n it leng th  
on the flux  rope  to  zero. T h is  fo rce is g iven by
F  =  —  J z  x  B e. (6 .7)
c
w here z is th e  u n it  vector in  x  d ire c tio n , and B e has the  com ponents
r  t \ -  2/0  f  2 M 172 -  ( y  + x ) 2] 1 2 5 [ ( x  ~  x r f )2 -  ( y  +  yd.)2]
e r l  ’ y) ~  c d \  [x2 + (y +  l ) 2]2 +  [ { x - z d)* +  (y + yd)*]*
J{y  +  yh)
(x - x h ) 2 +  (y +  yh)2 .
2I0 ( 4 M x ( y  +  1) 4 S (x  — x d)(y  +  yd)r  ( \ -  2 I °  f  A M x ( y  +  1)VeyK*, y) -  cd |  [x2 +  {y +  1)2]2 +  [{x _  Xd)2 +  {y +  w)2]2
J ( x - x h) 1
7 ’(x — xh)2 +  {y 4- yh)2 .
(6.8)
accord ing to  (3 .7 ) and (6.6).
T he  g loba l e q u ilib r iu m  is rea lized when B ex(xh , yh.) =  B eiJ(xh., yh) =  0, so f in a lly  we 
o b ta in  the tw o  cond itions :
'2 M [ x \  -  (ijk +  l ) 2] 2 S [(x fe -  x d) 2 -  (ijh +  yd)2] , J _ _ Q 
[xl  +  (yh. +  l ) 2]2 [(xh - x d)2 +  (yh +  yd)2]2 '2yh
M x h{ijh +  1) +  S { x h  -  x d) {yh + y d) _  Q ^  1Qj
[x l  +  f a  +  I ) 2]2 i (xh -  x d)2 +  {yh +  yd)2]2
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6.3  E volu tion  o f  E quilibria, E n ergetics  and B ifu rcation  Set
O u r m a in  purpose is to  f in d  o u t how th e  e q u ilib r iu m  p o s itio n  o f  th e  f lu x  rope, (xh, y /,), 
evolves in  response to  the  g ra d u a l a lte ra tio n  o f  th e  pho tosp he ric  background  fie ld , so th a t we 
can de te rm in e  w here ca tas trophe s  occur. T o  inves tiga te  th e  sys te m ’s e vo lu tio n  in  response 
to  changes in  the  bou n d a ry  c o n d it io n  (6 .4 ). we need one m ore  c o n d it io n , nam e ly  the  frozen- 
f lu x  c o n d itio n  a t th e  surface o f  f lu x  rope. T h u s , in  a d d it io n  to  equa tions  (6.9) and (6.10), 
we take
- ^ - 4 R =  A (x h, y h -  r0) =  co n s t. (6.11)
A cco rd in g  to  (6 .6 ),
4  -  . / I n  f '2yh\  I 2 M ( y ft +  ! ) _______ 2 S (y h +  yd)
R V r0 )  x \  +  (y h +  I ) 2 [xK -  x d) 2 +  (yh. +  yd)2 '
(6 .12)
F or s im p lic ity , we d e te rm in e  th e  co n s ta n t in  (6.11) b y  c a lc u la tin g  A r  in  (6 .12) as 5  =  
Xh. =  0 and J  =  y h =  M  =  1. T h e  resu lt leads to  A r  =  ln ( 2 / r 0o) +  1, w h ich , in  fa c t, is the  
value o f  -4 (x /l , y^ — ro) when th e  f lu x  rope is located a t th e  m a x im u m  c u rre n t p o in t o f the  
sym m e tr ic  system  (5  =  x^  =  0 and yh =  h ) . So, the  fro ze n -flu x  co n d itio n  (6 .11) becomes
Mn ( Z y h J \  , 2 M ( y h +  1) 2S(yk +  yd) f J L \ ,  i
\  r00 )  x \  +  {yh +  l ) 2 {xk -  x d)2 +  (yh. +  yd)2 V rW
where equa tio n  (4.17) has been used to  deduce (6.13) fro m  (6.11) and (6 .12 ). E quations
(6 .9 ), (6.10) and (6.13) are s u ffic ie n t to  d e te rm in e  the e v o lu tio n  o f  th e  e q u ilib r iu m  configu­
ra tions .
A s  we w ill s h o r t ly  make e v id e n t, the  above system  o f  equa tio ns  leads to  an e x tra o rd i­
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n a r ily  com p lex  behav io r fo r  the  e q u ilib r iu m  p ro p e rtie s  o f  the  sys tem . Indeed, the  increased 
degree o f  c o m p le x ity  seems ra th e r su rp ris in g  to  us g iven  th a t a ll we have done is to  in tro d u ce  
a second pho tospheric  source w h ich  is th e  same as th e  o rig in a l source except fo r its  s tre n g th  
and loca tion . However, we now have a system  w ith  tw o  dependent variab les, x/, and yh, and 
five  param eters, r 0o, M , S ,  x^ , and  y j ,  whereas before there was o n ly  a  single dependent 
variab le , yh, and  tw o  param eters , r 0o and M .  T h e  m uch g rea te r degree o f  c o m p le x ity  resu lts 
from  th is  increase in  th e  num ber o f  variables and param eters. A cco rd in g  to  the  th e o ry  o f 
ca tastrophes developed by Thom  [1972], a system  w ith  th is  num be r o f  variab les corresponds 
to  a typ e  o f  ca ta s tro p h e  know n as the  second order umbilic w h ich  is the  m ost com p lica ted  
typ e  o f  ca ta s tro p h e  th a t  his th e o ry  describes [Poston and Stewart 1978].
T h e  e q u ilib r iu m  o f  a system  occurs a t the  e x tre m a  and in fle c tio n  po in ts  o f  the  to ta l 
e x te rn a l energy E , nam ely where V E  =  0 holds. In  o u r system  th e  to ta l ex te rna l energy E  
is ca lcu la ted  by
where F  is the  e x te rn a l force a c tin g  on the  flu x  rope , as de te rm ined  by (6 .7 ), and r  =  (x , 
y, x) is the  pos ition  vec to r. S u b s titu t in g  equation  (6.7) in to  th e  above expression fo r d E  
and m o d ify in g  the  resu lts  by using the  frozen -flux  co n d itio n  (6 .13 ), y ie lds
w hich is the  to ta l e x te rn a l energy p e r u n it  length o f  the  system  w hen the  f lu x  rope is located 
a t th e  e q u ilib r iu m  p o s itio n  (x ^ , yh)-
T he  e q u ilib r iu m  pos itions  described by equa tions  (6 .9), (6 .10 ), and (6.13) c o n s titu te  a
—d E  =  F  - dr,
(6.14)
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m a n ifo ld , o r surface, in  the  m u lti-d im ens iona l p a ra m e te r space o f  th e  independent variables 
(i.e. roo, M , S , x d, and  yd). C a tas trophes occur a t loca tions  w here bo th  V E h  =  0 and
d2E h d 2E h f  d 2E h y  
d x h d y l  \ 9 x h d y h )
(6.15)
ho ld . Such ca tas trophes correspond to  tra n s itio n s  fro m  one loca l m in im u m  to  a n o th e r, and 
they  in d ica te  a d y n a m ic  change o f  th e  system . A f te r  a som ew hat leng thy  m a n ip u la tio n , 
equa tio n  (6.15) s im p lifie s  to
A x\
{yh +  l ) 2
3 (yh. +  l ) 2 - x \  yh +  1 3{yh +  yd) 2 ~  {xh -  x d)'
+  4
x l  +  (yh +  ! ) 2 yh +  yd (xh -  x d)'2 +  (yh +  yd)2
Xh. (yh +  yd) 2 -  3(ar/, -  x d) 2{yh. + 1)2 -  3x \  _  
x'h +  [yh +  l ) 2 X h  -  x d (X h  -  Xd) 2 +  {yh +  Vd) 2 
1 2\n{2yhJ/roo) + 3
yh{yh +  1) In (2ykJ/roo) +  1
/ , ^ 2  _ 2  x h{yh +  i)[ {y h + y d ) 2 -  { x h - x d ) 2]
{Vh +  l )  ---------------- ( ^ - x i ) t e + ! U )------------- .
xh {yh +  yd) 2 -  3 {xh -  xd ) 2{yh +  l ) 2 -  3a:^_____________________________
x'l +  {yh + 1)2 xh -  xd {xh -  xd)2 +  {yh +  yd)2
=  0. (6.16)
E q u a tio n s  (6 .9 ), (6 .10 ), and (6 .13 ), provide the  e q u ilib r iu m , and when com bined w ith  
equa tion  (6 .16), th e y  determ ine the  b ifu rca tio n  set o f  the  phase tra n s itio n s . E quations
(6 .9). (6 .10 ), and (6 .13 ) can be th o u g h t o f as p rescrib ing  a surface w ith in  a s ix-d im ensiona l 
pa ram e te r space cons is ting  o f yh (o r Xh), roo, M , S ,  x d, and yd as the  coord ina tes, and the 
re la ted b ifu rc a tio n  se t is equivalent to  a  five -d im ens iona l surface w ith  roo, M ,  S ,  x d, and 
yd as th e  coord ina tes . These hyper-surfaces can o n ly  be p lo tte d  b y  ta k in g  slices in  tw o  o r 
th ree d im ensions o r  b y  using techniques which p ro je c t them  o n to  tw o  o r th ree d im ensiona l 
space. O ne  s tanda rd  procedure used th ro u g h o u t the  present w o rk  is to  set roo =  0.01. The 
effect o f  va ry in g  roo is  discussed by Forbes and Isenberg [1991], Isenberg et al. [1993], Forbes
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et al. [1994], and Forbes and Priest [1995]. G enera lly , th e y  found  th a t  va ry in g  r 0o produces 
m in o r  e ffects when roo is  assumed to  be much sm a lle r th a n  the  scale leng th . S ince o u r 
ana lys is in  th is  paper is o n ly  va lid  fo r  sm a ll roo, we take  a sm a ll and fixed  value fo r  roo-
In  the  case o f  S  =  0, we are back to  the p rev ious s itu a tio n  s tu d ie d  by Forbes and  
Isenberg [1991]. In th e ir  w o rk , the  e lec trica l c o n d u c t iv ity  was assumed to  be in f in ite ly  h igh, 
th e  p lasm a behaved as a pe rfec tly  frozen-in  m ed ium , and th e  reconnection was co m p le te ly  
fo rb id d e n . There fo re , a cu rren t sheet a ttached to  the  bound a ry  surface could develop 
fo llo w in g  th e  appearance o f  an X -p o in t a t the  su rface  before the loss o f  e q u ilib r iu m . The  
e v o lu tio n  o f  th is  s y s te m s  e q u ilib r iu m  sta tes was described by  a three-d im ensiona l surface 
(yh as a fu n c tio n  o f  M  and r 0o), and the  m ost co m p lica te d  ca ta s tro p h ic  behavio r th a t  the 
system  cou ld  e x h ib it is o f  th e  cusp ty p e  (i.e. an S-shaped e q u ilib r iu m  cu rve  w ith  tw o  tu rn in g  
p o in ts . R efer to  F igures 3-6 and 3 -7 ). O n  the o th e r hand , i f  we l i f t  the  un rea lis tic  assum ption  
o f  in f in ite ly  h igh c o n d u c tiv ity  o f  co ro n a l plasma, a c u rre n t sheet does n o t appear before  the 
loss o f  e q u ilib r iu m , the  ca ta s tro p h ic  behav io r reduces to  the  s im p lest typ e , nam ely th e  fo ld  
(i.e . an e q u ilib r iu m  cu rve  w ith  a s ing le  tu rn in g  p o in t. Refer to  F igu res  6-2b, 6 -3b , 6-4a, 
and 6-6c be low ).
H ow ever, as we re tu rn  to  the present case, nam e ly  S  ^  0, the  e q u ilib r iu m  s ta te  o f  the  
system  now needs s ix  param eters in  o rd e r to  specify  i t .  T h is  leads to  th e  m ost com p lica ted  
ty p e  o f  ca tas trophe  — th e  second-order um b ilic  [Thom  1972]. T h e  co m p le x ity  o f th e  second 
o rd e r u m b ilic  is so g re a t th a t  i t  is e x tre m e ly  d if f ic u lt  to  describe its  to p o lo g y  in  any  w ay 
th a t  can be easily g raphed . R a the r th a n  a tte m p t to  do  so here, we refer the readers to  
Poston and Stewart [1978] who p ro v id e  some lim ite d  exam ples o f  the  topo log ica l prospects 
o f  th e  bo th  f irs t  o rde r and second o rd e r um bilic .
Before  proceeding fu r th e r ,  we p o in t o u t the  re la tive  im p o rta n ce  o f  M  and 5 . A lth o u g h
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
1 2 1
(a )




0 1 2 3
M  =  0
0 2 31
M  S
(b )  (c )
F ig u re  6-2: C om parisons o f the  im p o rta n ce  o f  th e  tw o  sources M  (o rig in a l d ipo le ) and S  
(n e w ly  emerged d ip o le ) . V a ria tio n s  o f  the  e q u ilib r iu m  he ight o f  th e  f lu x  rope, y^, as a 
fu n c tio n  o f  (a) b o th  th e  s tre n g th  o f  the  o r ig in a l fie ld  source, M  and the new ly  em erg ing 
f lu x  source, S , (b ) M  o n ly  w ith  S  =  0, and (c) S  o n ly  w ith  M  =  0. The  o th e r param eters  
are  set to  r 00 =  0-01 and x j  = y j  =  1.
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we ca ll M  the  o ld  source and 5  th e  new source, th e y  are in terchangeable . T h is  is shown by 
F igu re  6-*2a in  w h ich  yh is p lo tte d  as a fu n c tio n  o f  b o th  M  and 5 ,  and also in  F igures 6-2b 
and 6-*2c in w h ich  yh is p lo tte d  as a fu n c tio n  o f  M  fo r  5  =  0 and then  as a func tion  o f  5  fo r  
M  =  0, respective ly. W hen 5  =  0, equa tion  (6.10) leads to  Xh =  0, and the  con figu ra tio n  
is s im ila r  to  th a t  f irs t  considered by Van Tend and Kuperus  [1978] (see also Kaastra [1985], 
Martens and Kuin  [1989], and Van Ballegooijen and Martens  [1989]). W hen M  =  0, then  
Xh =  Xd, and th e  co n fig u ra tio n  is iden tica l to  th a t o f  the  5  =  0 case except th a t i t  is now 
sym m e tric  a round  x  =  Xd ins tead  o f  x  =  0. T he re fo re , fix in g  the  source M  and inves tiga ting  
the  system ’s e vo lu tio n  in response to  the  v a r ia tio n  o f  th e  source 5  does n o t lose genera lity. 
B o th  p lo ts  in F ig u re  6-*2b correspond to  the  s im p les t typ e  o f  ca tas trophe , namely, the  fo ld  
m entioned above. For the fo ld , th e  lower branch  o f  the  e q u ilib r iu m  curve corresponds to  a 
stab le  e q u ilib r iu m , w h ile  the u p p e r one corresponds to  an unstab le  one.
6 .3 .1  M o d e l in g  E m e r g in g  F lu x  b y  S t r e n g t h e n i n g  a  S o u r c e  a t  F ix e d  L o ­
c a t io n
W hen the  emergence o f  new f lu x  is modeled b y  increasing the  s tre n g th , 5 ,  its  position coor­
d ina tes  (Xd, —yd) are trea ted  as fixed param ete rs  d u r in g  the  evo lu tio n  o f  the  photospheric 
fie ld . A  negative yd does no t m ake any sense since the  em erg ing f lu x  canno t move o u t o f 
the  photosphere, so yd is a lw ays g rea te r th a n  zero. W h ich  side o f  the  flu x  rope the  new 
f lu x  appears on o n ly  affects on w h ich  side o f  th e  y-axis the  e q u ilib r iu m  pos ition  is loca ted , 
and ne ithe r the  e q u ilib r iu m  h e ig h t nor the e v o lu tio n a ry  behavio r o f  the  system  is affected 
because o f  the  s y m m e try  o f th e  system . So, i t  is su ffic ien t fo r  us to  consider on ly  those 
cases fo r  which Xd is positive. W ith  these re s tr ic tio n s , the  e q u ilib r iu m  described by (6 .9 ), 
(6 .10), and (6.13) is now a fu n c tio n  o f  a th ree -d im ens iona l pa ram e te r space.
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F ig u re  6-3: V a ria tio n s  o f  the  e q u ilib r iu m  heights, yh, as fu n c tio n s  o f  bo th  S  and Xd (a ). 
V a ria tio n s  o f b o th  coord ina tes, Xh and yh, o f th e  e q u ilib r iu m  p o s itio n  versus S  w ith  =  1 
(b ), w ith  Xd =  3.25 (c ), w ith  xd  =  3.04 (d ), and w ith  Xd =  5 (e ). F o r the  o th e r param ete rs : 
roo =  0.01, yd =  1-5 and M  =  1. N E F  stands fo r  N ew  Em erg ing  F lu x .
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In it ia lly ,  we set yd =  1.5, b u t o th e r  values w i l l  be considered la te r. T h is  y ie lds  the  
e q u ilib r iu m  surfaces y h { S ,  Xd) and  X h { S ,  i j ) .  F ig u re  6-3a p lo ts  th e  flu x  rope  he igh t yh  
as a fu n c tio n  o f  th e  la te ra l d is tance , x d,  and th e  s tre n g th  S  o f  th e  em erg ing  f lu x , and 
shows fea tu res ty p ic a l o f  a ca ta s tro p h e  m a n ifo ld , b u t  i t  is  m uch m ore  co m p lica ted  th a n  
th e  cusp -type  m a n ifo ld  which appeared  in th e  p re v io u s  sing le source models [Forbes and  
Priest 1995]. In o rd e r to  reveal th e  ca tas trophe  b e h a v io r im p lied  by F igure  6-3a, we slice 
th is  surface w ith  a set o f  planes o f  xd  =  const, and  th e re b y  o b ta in  th e  fu n c tio n a l behav io r 
o f  yh  and  x/, as a fu n c tio n  o f  S  fo r  d iffe re n t Xd-  T h e  resu lts  are shown in  F ig u re s  6-3b 
th ro u g h  6-3e fo r fo u r  d iffe ren t va lues o f  Xd- F ig u re  6 -3b  corresponds to  Xd =  1, so th a t  the  
sources are in  re la tiv e ly  close p ro x im ity  to  one a n o th e r. In  th is  case the  m agne tic  fie lds o f 
th e  sources blend to g e th e r so th a t  th e  tw o sources behave a lm ost as one. T h e re fo re , the  
system  evolves in  n e a rly  the  same w ay  as fo r th e  s im p le  fo ld  ca tas trophe  (see F ig u re  6-2). 
T h e  o n ly  obvious d iffe rence  is th a t  th e  ho rizo n ta l d isp lacem en t o f  the  e q u ilib r iu m  pos ition , 
Xh, is n o t zero, excep t fo r the  5  =  0 w h ich  co rresponds to  th e  o ld  case o f  a s ing le  source.
W h e n  the  sepa ra tion , Xd, becomes re la tive ly  la rge , as show n in  F igu re  6-3c w ith  Xd — 
3.25, th e  effect o f  th e  tw o  separate sources becom e a p p a re n t. N ow  there  are tw o  indepen­
d e n t e q u ilib r iu m  curves w ith  d is t in c t ly  d iffe re n t shapes. Before discussing the  ca ta s tro p h e  
behav io r im p lied  by these curves, we f irs t show th e  tra n s it io n  case in  F igu re  6 -3d  which 
occurs when Xd =  x md =  3.04. A t  th is  c r it ic a l va lue  th e  tw o  separate  curves ju s t  touch  one 
a n o th e r a t  a sing le p o in t.
In F ig u re  6-3c, th e  curves a t th e  r ig h t  are open, ju s t  as before, excep t th a t now  th e  source 
5  is th e  d o m in a n t one, ra th e r th a n  th e  source M . T h e  f lu x  rope is located a t Xh =  %d in 
th e  l im i t  th a t  5  is v e ry  large. H ow ever, as 5  becom es w eaker th e  effect o f  th e  source M  
creates th e  w iggles appa ren t in  th e  range 1 <  5  <  2. S ince 5  is a lw ays bigger th a n  1 along
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th e  curve a t r ig h t,  i t  does n o t correspond to  th e  case o f new ly em erg ing  f lu x  w h ich  requires 
S  to  s ta r t  a t 0 and then s lo w ly  increase.
T h e  em erg ing  f lu x  scenario is m anifested b y  the  curve a t th e  le ft o f F ig u re  6-3c w hich  
includes the  p o in t w ith  5 = 0 -  T h is  cu rve  is dom ina ted  by th e  source M ,  and the  effect 
o f  S  is to  p e r tu rb  the system  a round  the  o ld  e q u ilib r iu m  p o s itio n  th a t occurs when S =  0. 
T h is  is also w h y  jx/,[ o f  the  e q u ilib r iu m  p o s ition  o f  the  flux  rope is sm all.
T he  closed, o r  cyclic, e q u ilib r iu m  curve  in F ig u re  6-3c has tw o  c r it ic a l p o in ts , and thus  
th e  q u a s i-s ta tica l evo lu tion  m ay end up w ith  a loss o f  eq u ilib riu m  no m a tte r w h ich  way the  
system  evolves a long the e q u ilib r iu m  curve . In  o th e r  words, i f  we s ta r t  w ith  an e q u ilib r iu m  
correspond ing  to  the  co n fig u ra tio n  S  =  0, the  emergence o f new  f lu x  w ith  e ith e r pos itive  
o r negative S  m ay  cause a loss o f  e q u ilib r iu m . F o r the  case show n in  F igure  6-3c the  p o in t 
S  =  0 is loca ted  very ro u g h ly  near the  m id -p o in t between the  tw o  c r it ic a l p o in ts , so the  
p ro b a b ility  o f  tr ig g e rin g  an e ru p tio n  is nearly  th e  same for an em erg ing  f lu x  w ith  negative 
p o la r ity  as i t  is fo r  one w ith  pos itive  p o la r ity . However, as Xd ( th e  la te ra l d is tance  o f the  
em erg ing  source 5 )  becomes la rger, the  s itu a tio n  changes as show n in  F igu re  6-3e. The re  
are s t i l l  tw o  separate  e q u ilib r iu m  curves, b u t the  closed curve is now  g re a tly  e longated in the 
d ire c tio n  o f  negative  S .  T h is  change makes the e ru p tio n  much easier fo r a new ly  em erging 
flu x  w ith  p o s itive  S  than  fo r  one w ith  negative  S .
T h e  resu lt th a t  the  im p o rta n c e  o f  the  sign o f  5  depends on Xd is the  same type  o f  
behav io r th a t  was observed b y  Feynman and Martin  [1995] in  th e ir  analysis o f  th e  effect o f  
new ly  em erg ing f lu x  on prom inences, b u t, as we sha ll discuss in  section 6.4, th e  dependence 
we find  is m ore com plex th a n  the  one th e y  repo rted . For exam ple, i f  we change the  d ipo le  
d e p th  from  yd =  1.5 (w h ich we ca ll the  “ sha llow ”  source) to  yd — 4.7 (w h ich  we ca ll the  
“ deep”  source) the  behavio r changes to  th a t  shown in F igu re  6-4, which inc ludes three
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F igure  6-4: E q u ilib r iu m  curves s im ila r  to  those in  F igu res  6-3b th ro u g h  6-3e, b u t w ith  
Hd =  4 .7  and Xd =  1 (a ), Xd =  6 (b ) and Xd =  8 (c), respectively. T h e  so lid  d o t, A , in d ica te  
the c r it ic a l po in t, and d o ts  B and C  show the  possible pos itions to  w h ich  th e  flu x  rope m ay 
approach a fte r the loss o f  e q u ilib r iu m . N E F  stands fo r  N ew  E m erg ing  F lu x .







F ig u re  6-5: T h e  m agne tic  con figu ra tions  in  (a) and (b ) correspond  to  th e  tw o  po in ts A  and  
B in  F ig u re  6-4c, respective ly . T he  *‘+ ”  ind ica tes the  c e n te r o f  the f lu x  rope.
d iffe re n t cases o f  y j  =  4 .7 . and arj =  1, 6, and 8, respective ly .
C o m p a rin g  F ig u re  6 -4a  (xd =  1) w ith  F igures 6-2a and  6-3b, we fin d  th a t  the  system  
evolves in  th e  sam e w ay as before fo r  sm all xd, b u t fo r  a la rg e r value o f  x j  =  6, the  closed 
cu rve  is now s tre tched  in  the  opposite  d ire c tio n . T hus , th e  m a jo r p a rt o f  th e  curve is now  
loca ted  in  th e  reg ion w ith  S  > 0, and on ly  a t in y  p a rt o f  i t  is le ft in th e  reg ion w ith  S <  0. 
T h is  behav io r is the  reverse o f  th a t reported by Feynman and Martin  [1995] fo r d is ta n t 
sources.
A s id  increases ye t fu r th e r  to  a value o f  8, the  e q u ilib r iu m  curves evo lve  to  those show n 
in  F ig u re  6-4c. A t  th e  c r it ic a l p o in t .4, the  f lu x  rope can  m ake a nea rly  h o rizo n ta l ju m p  
to  the  p o in t B , as shown in F ig u re  6-5. A lte rn a tiv e ly , i t  m ay ju m p  to  in f in i ty  v ia  p o in t 
C .  In  the  absence o f  a fu l l  energy analysis, i t  is n o t possib le  to  de te rm ine  th e  e vo lu tio n a ry  
pa th  o f  the  f lu x  rope in  th e  Xh-yn plane. I t  is q u ite  possib le , fo r  exam ple, th e  p o in t C  is an 
unstab le  e q u ilib r iu m  p o in t and the  flu x  rope w ou ld  never m ove tow ard  i t .
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6.3 .2  M odeling  Em erging F lux by M oving a Source o f F ixed  Strength  
Upward
A n  a lte rn a te  w a y  to  emerge m agne tic  f lu x  is to  move a source upw ard fro m  below the  
photosphere b y  decreasing th e  source d e p th , yd- D u rin g  th is  process, the  s tre n g th  o f  the  
source m ay also change. B u t fo r  s im p lic ity , we o n ly  consider th e  case w here  the  source 
s tre n g th , S , is fixe d .
We s ta r t  as before by d ra w in g  an e q u ilib r iu m  surface on a th ree  d im ens iona l space, b u t 
now w ith  the  p a ram e te r co -o rd ina tes  yd , 5 ,  and  yh instead o f  Xd, 5 ,  and yh- U s in g  equations
(6 .9 ), (6 .10), and  (6.13) we o b ta in  th e  re su lt show n in F igu re  6 -6a  fo r x j  =  3 . T h is  surface 
is again a co m p lica te d  one, b u t i t  looks d is t in c t ly  d iffe ren t fro m  th e  previous one.
To  observe th e  e v o lu tio n a ry  behav io r, we slice th is  surface w ith  planes o f  co n s ta n t 5  to  
o b ta in  a set o f  e q u ilib r iu m  curves. T h e  resu lts  are given in  F igu res  6-6b and 6-6c fo r  5  =  1 
and  0.625, respective ly . We a lso exam ined  th e  case o f  5  <  0 (F ig u re  6-6d), b u t  no su itab le  
behav io r was fou n d  fo r yd w ith in  a reasonable range. E q u ilib r ia  curves fo r  5  >  1.2 do no t 
show  any b ifu rc a tio n .
T h e  e q u ilib r iu m  curves in  F ig u re  6-6b do  n o t show any b ifu rca tio n s  w h ich  are su itab le  
fo r  th e  em erg ing  f lu x  scenario. T h e re  are nose p o in ts  near yd =  1, b u t as the source  emerges, 
yh goes from  a la rge  value to  a sm a ll one, so th e  flu x  rope w ou ld  ju m p  dow nw ards  instead 
o f  upw ards were th e  system to  move a long  th is  curve. E qua tion s  (6.9), (6 .10 ), and (6.13) 
in d ic a te  th a t yd oo is equ iva len t to  5  —> 0, so th e  r ig h t ends o f  these curves m erge in to  the  
co rrespond ing  branches o f th e  curves in F ig u re  6-*2b. There fore , th e  lower curves in  F igu re  
6 -6b  are a lm ost c e rta in  to  be s ta b le  e q u ilib r ia , and the  upper ones are unstab le  e q u ilib r ia .
F o r the  n e x t value o f sm a lle r 5 ,  we o b ta in e d  th e  tw o  e q u ilib r iu m  curves show n in  F igu re  
6 -6c. For th is  case a p lausib le  e ru p tio n  can occu r. As the  em erg ing  flu x  approaches the
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F igu re  6 -6 : E q u ilib r iu m  he ight, yh, versus b o th  and 5  fo r  xd =  3.0 (a ). V a ria tions  o f  Xh 
and yh as fu n c tio n s  o f  yd fo r  5  =  1 (b), 5  =  0.625 (c), and 5  =  —0.625 (d ) .
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F ig u re  6-7: M agne tic  fie ld  co n fig u ra tio n s  fo r  th e  e q u ilib r ia  described b y  F ig u re  6-6 fo r 
S  =  0.625, yd =  2, Xh =  0 .12  and yh =  0.84. T h e  U-F”  in d ica te s  the cen te r o f  th e  f lu x  rope.
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surface, yd goes fro m  a la rge  value to  a  sm a ll one, and a f lu x  rope lo ca te d  on the  lo w e r 
e q u ilib r iu m  curve a t  the  r ig h t  o f  th e  figu re  w il l  move to w a rd s  th e  nose p o in t a t 1.5. O nce 
i t  reaches th is  p o in t i t  ju m p s  upw ard  to  in f in ity .  F igu re  6-7  shows the  c o n fig u ra tio n  o f  th e  
m agne tic  fie ld  as i t  approaches th e  nose p o in t.
T h e  phase tra n s it io n  fro m  the  behav io r show n in F ig u re  6-6b to  th a t  show n in F ig u re  
6-6c occu rs  a t 5  =  0 .741. I t  is in te re s tin g  th a t  th e  like lihood  o f  a  loss o f  e q u ilib r iu m  a c tu a lly  
decreases w ith  the  s tre n g th  o f  th e  new ly  em erg ing  f lu x  ra th e r  than  increas ing  as one m ig h t 
expect. T h is  is because w h e th e r a b ifu rc a tio n  ex is ts  in  the  e q u ilib r iu m  curves is no t s im p ly  
a m a tte r  o f  the  s tre n g th  o f  th e  sources, b u t ra th e r  the balance between m agne tic  tens ion  
and pressure a c tin g  on  the  f lu x  rope.
F in a lly , we cons ide r th e  e ffect o f  increas ing  xd  by chang ing  i t  from  3 to  6. T he  sys tem 's  
e v o lu tio n a ry  behav io r fo r  5  =  1 and 5  =  3 is show n in  F ig u re  6-8. B o th  cases m anifest the  
c a ta s tro p h ic  fea tu re . T h e  case o f  S  =  1 in  F ig u re  6-6a is s tra ig h tfo rw a rd  and i t  ind ica tes  
the  escape o f  the  f lu x  rope to  in f in ity  fo llo w in g  th e  loss o f  e q u ilib r iu m . However, F ig u re  
6-6b fo r  th e  case o f  5  =  3 shows th a t  the  system  has tw o  e q u ilib r ia  w ith in  a sm all reg ion 
near th e  c r it ic a l p o in t a t a round  yd =  3.8, as happened fo r  the  case described in F ig u re  
6-4c. So, as the  sys tem  evolves q u a s i-s ta tic a lly  in  response to  th e  em ergence o f  new f lu x  
(i.e. as yd decreases fro m  oo to  3 .8 ), th e  f lu x  rope moves a long  the  lo w e r branch o f  th e  
curves loca ted  a t th e  r ig h t o f  each panel. T h e  loss o f  e q u ilib r iu m  a t the  c r it ic a l p o in t causes 
the  f lu x  rope to  ju m p  to  a new e q u ilib r iu m  p o s itio n  which is a t a h igher a lt itu d e  and also 
closer to  th e  new f lu x  as show n in  F ig u re  6-8c. In  th is  case we have a loss o f  e q u ilib r iu m , 
b u t we do  n o t have escape, so th is  case does n o t corresponds to  a C M E . H ow ever, th is  case 
does il lu s tra te  the  p o in t  th a t  th e  same process w hich produces C M E s, can  easily  p roduce 
non-escap ing fla re -like  events. N o te  also th a t  in  th is  case tw o  c u rre n t sheets m ay be crea ted


































F ig u re  6-8: E q u ilib r iu m  curves s im ila r to  those in  F ig u re  6-6 b u t fo r Xd =  6: (a) 5  =  1 
and (b) S  =  3. T he  m agne tic  fie ld con figu ra tio ns  co rrespond ing  to  the  po in ts .4 and B  in 
(b ) are d ra w n  in  (c) fo r  yd =  3.65. In  the  le ft panel th e  coord inates o f  the f lu x  rope are 
(0 .2 . 1.1) co rrespond ing  to  p o in t .4, and in  the  r ig h t panel the  coord inates are (3.8, 4.75) 
co rrespond ing  to  p o in t B .  The  in  the  panel a t r ig h t  ind icates the  center o f  th e  flu x  
rope.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
133
since the re  are tw o X -lines present before  th e  loss o f  e q u ilib r iu m .
W e also checked the  evo lu tion  w hen 5  is la rge r th a n  3 as w ell as when S  is negative. 
We found  th a t fo r 5  >  4.07. there are no nose p o in t on  the  e q u ilib r iu m  curves, and  th a t  fo r 
5  <  0, the re  are no e q u ilib r ia  fo r 0 <  t/d <  70.
6 .3 .3  E f f e c t  o f  t h e  H o r iz o n t a l  M o t io n  o f  T h e  S o u r c e
A lth o u g h  the  horizon ta l m o tion  o f  th e  m agnetic  sources does no t correspond to  th e  emer­
gence o f  new flux, i t  is o f  some in te re s t because ra p id  ho rizon ta l m o tio n  is a w e ll-know n  
precursor fo r  some types o f  flares (see Tanaka and Nakagawa [1973] and Martres et al. 
[1986]). I t  has even been suggested th a t  rap id  sunspo t m o tion  m ay be regarded as a flare 
p recursor [Dezso et al., 1984; Kovdcs and Dezso, 1986; and Dezso and Kovacs, 1998].
Before considering the  general case o f  an a rb it ra ry  separation d is tance , z j ,  between the 
sources M  and S,  we f irs t  look a t th e  tw o  extrem e cases, x</ =  0 and Xd —»• oo. T h e  case 
w ith  Xd =  0 is a lready fa m ilia r  to  us since i t  is the  sam e as the  single source m odel w ith  the 
s tre n g th  S  -F M ,  in place o f  ju s t  M .  T h e  case w ith  Xd —> oo, has tw o  e q u ilib r ia , one w ith  
the  f lu x  rope located a t (x/t =  0, ytJ ,  and the  o th e r located a t (xh =  x j ,  yh). These tw o 
e q u ilib r ia  are located exa c tly  above th e ir  respective sources M  and 5  w h ich  are com p le te ly  
decoupled from  one ano the r by th e ir  in f in ite  sepa ra tion .
N ow  le t us consider the  in between s itu a tio n s , w here  we take yd =  0, and the  source is 
ju s t  loca ted  a t the bounda ry  surface. W e w ill cons ider tw o  cases, nam ely  5  =  1 (F igu re  
6-9a) and S  =  — 1 (F igu re  6-9b). F ig u re  6-9a specifies tw o  types o f  e q u ilib r iu m  curves: the 
low er one shows b ifu rca tio n , w h ile  th e  uppe r one does n o t. N ote also th a t  the  b ifu rc a tio n  
occurs o n ly  when the tw o  sources are re la tiv e ly  fa r a p a r t .  Since the uppe r curve com p le te ly  
covers the  lower one, a loss o f  e q u ilib r iu m  corresponds to  a p r im a rily  h o rizo n ta l ju m p  from
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F ig u re  6-9: V a ria tio n s  o f  b o th  Xh and yh, o f  the  e q u ilib r iu m  p o s itio n  o f  f lu x  rope versus xj, 
w ith  5  =  1 (a ), and S  =  —1 (b ), respective ly. The  o th e r param eters  a re : roo =  0.01, ya =  0 
and M  =  1.
th e  o ld  e q u ilib r iu m  above th e  source M  to  a  new e q u ilib r iu m  above the  source 5 .  T h is  
is s im ila r  to  the  case show n in  F igu res  6-4c. T hus th is  case is also n o t a good c a n d id a te  
fo r  a d esc rip tion  o f  a p rom inence e ru p tio n  o r a C M E . However, i f  we set 5  =  —1, instead  
o f  1, we get th e  case show n in  F ig u re  6-9b, w h ich does seem reasonable. E qua tion s  (6 .9 ),
(6 .10) and (6.13) in d ica te  th a t  fo r  th is  case, in the l im it  x j  —>■ oo, th e  e q u ilib r iu m  tends 
to  (xh =  0, yh). T he re fo re , the  low er branch o f the yh curve and th e  upper b ranch  o f  Xh 
curve  correspond to  the  s tab le  b ranch  o f  the  e q u ilib r iu m  curve. C onsequently , th e  loss o f  
e q u ilib r iu m  occurs here by means o f  a nearly  ve rtica l ju m p  to  in f in i ty  w h ich  is th e  k in d  o f  
b ehav io r needed fo r an e ru p tio n .
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6 .4  C om parisons w ith  O bservations
S ta tis tic a l analyses o f  obse rva tion a l d a ta  shows th a t a round  70% o f  sudden prom inence 
disappearances are c lose ly co rre la te d  w ith  th e  emergence o f  new f lu x  [Bruzek 1952; Feynman  
and Martin 1995]- T he  resu lts  g iven by Feynman and Martin  [1995] fu r th e r  ind ica te  th a t  th e  
like lihood  o f  an e ru p tio n  becom es higher w hen the  new ly em erg ing flu x  has an o r ie n ta tio n  
favorab le  fo r reconnection w ith  respect to  th e  p re -ex is ting  fila m e n t. T he  w ords “ favo rab le  
fo r  reconnection" are used to  describe the  case when there  is an X -p o in t located between 
the  o ld  source and the  new source, and i t  corresponds to  pos itive  S  in  o u r  n o ta tio n . To 
exp lo re  more de ta ils  o f  th is  re la tionsh ip , Wang and Sheeley [1999] investiga ted  three fila m e n t 
e rup tions  observed w ith  E IT  on SO HO . A lth o u g h  th is  is n o t a  s ta t is t ic a lly  s ign ifican t set, 
th e ir  results are cons is ten t w ith  those o f  Feynman and Martin  [1995], and they  p rov ide  
m ore da ta  on the  e vo lu tio n  o f  th e  pho tospheric  field lead ing up  to  the  e ru p tio n .
In o u r w o rk  presented in  th is  chapter, we have ob ta ined  m any  th e o re tica l o u tp u ts  fro m  
o u r m odel, some o f  them  are consistent w ith  th e  observations and o thers are n o t. A lth o u g h  
the  d istance, x d, between th e  new flux  and th e  o ld  one is in  p rinc ip le  observable, n e ith e r 
the  s tre n g th  o f  th e  em erg ing  d ipo le , S , no r its  dep th , yd, is. To make the  com parisons 
o f  o u r  results w ith  observa tions  easier, we fo llo w  a suggestion by J. Iv lim ch u k  (p r iv a te  
co m m u n ica tio n ), and tra n s fo rm  S  and yd in to  tw o  observable param eters, nam ely th e  ne t 
change, 5A, in  th e  to ta l f lu x  and the  area (p e r u n it length) W  o f  the  new f lu x  on the surface.
F rom  equation  (6 .4 ), th e  surface fluxes correspond ing  to  M  and S  are A IqM / c  and 
4 /o S /(c y j) ,  respective ly. So, th e  re la tive  change o f  the to ta l f lu x  due to  5  can be defined , 
in  a  sim ple way. as
SA  =  (6 .17)
M y d
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w h ich  can be e ith e r  pos itive  o r  negative depend ing  on th e  sign o f  S . W e use the to ta l 
h a lf-w id th , W ,  o f  the  new f lu x  d is tr ib u tio n  fu n c tio n  to  describe the area per u n it leng th  
(i.e. the  w id th  o f  th e  em erg ing f lu x  region in  th e  2D  m odel) o f  the  hew flu x  on the  surface. 
F rom  equation  (6 .4 ), we have s im p ly
W  = '2yd, (6.18)
w h ich  describes th e  concen tra tio n  o f  the  m agne tic  flu x  p roduced by 5  on the  boundary  
surface. W hen th e  source is deep, the  flu x  spreads o u t over a  large region o f  the  surface, 
and W  is large. W hen  the source is shallow , the  f lu x  concentra tes w ith in  a sm a ll region o f  
the  surface, and  W  is sm all.
B y  m easuring 5.4 and W ,  one can d isc rim in a te  between va rious  scenarios fo r  f lu x  em er­
gence. I f  on ly  a  change in  54. is measured, then  the  new f lu x  is im p lem ented by a s tre n g th ­
en ing  source a t a  fixed  dep th . However, i f  b o th  W  and 5 4  change, b u t th e ir  p ro d u c t, W 5.4 , 
does no t, then th e  new f lu x  is im plem ented  by th e  ris ing  o f  a  source w ith  fixed  s treng th . I f  
a ll th ree  q u a n tit ie s  (i.e . 5.4, W .  and W 5.4) change, then b o th  the  depth and s tre n g th  are 
a lte red . O f course, a ll th is  assumes th a t M  is fixed , and th a t  th e  sources are in  the  form  o f  
tw o  d im ensiona l d ipo les.
Tab le  6.1 sum m arizes o u r resu lts  in  te rm s o f  th e  change, 5.4, o f  the  to ta l f lu x  and the  
w id th  (area per u n it  leng th ) W .  T he  f lu x  change, 5.4, is g iven  as a percentage o f th e  
p re -ex is ting  f lu x , and  the w id th , W ,  is no rm a lized  to  the scale leng th , d. A lto g e th e r, the  
resu lts  fo r 11 d iffe re n t cases are tabu la te d , the  f ir s t  s ix  correspond to  va ria tions  o f  S  fo r th ree  
d iffe re n t values o f  th e  ho rizo n ta l separa tion , x d- and tw o  d iffe re n t values o f  th e  source dep th , 
yd- F o r these s ix  cases (1 th ro u g h  6) on ly  so lu tio n s  w ith  nose p o in ts  on curves in te rsec ting
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T a b le  6.1: S um m ary  o f  e ru p tive  behavio rs  found in  th e  em erg ing  f lu x  m odel
Case F ig u re 5 Xd Vd W 5.4 (% )
1 6-3b va riab le 1.0 1.5 3.0 -0 .7 6
2 6-3c va riab le 3.25 1.5 3.0 25 - 4 6
3 6-3e va riab le 5.0 1.5 3.0 7.2 -6 7 5
4 6-4a va riab le 1.0 4.7 9.4 -0 .7 3
5 6-4 b va riab le 6.0 4.7 9.4 271 - 5 .2
6 6-4c va riab le 8.0 4.7 9.4 103 - 2 3
7“ 6-6 b 1.0 3.0 variab le 2.0 100
8 6-6c 0.625 3.0 variab le 3.0 41.6
96 6-6d -0 .6 2 5 3.0 variab le 83.5 - 1 .5
10 6-Sa 1.0 6.0 variab le 6.5 30.7
11 6-8 b 3.0 6.0 variab le 7.2 83.3
“  F lu x  rope  ju m p s  dow nw ard  in  th is  case.
b T h is  case corresponds to  an im p la u s ib ly  d iffuse  source.
the S  =  0 lin e  are lis ted, because o n ly  these curves f i t  the  em erg ing  f lu x  scenario . T h e  last 
five cases in  Tab le  6.1 correspond  to  va ria tio n s  o f  the  d e p th , yd- fo r fo u r  d iffe re n t values 
o f  5  and tw o  d iffe re n t values o f  Xd- Fo r these las t five cases (7  th ro u g h  11) o n ly  so lu tions  
w ith  nose p o in ts  on curves w h ich  extend  o u tw a rd  to  yd =  oo are lis ted , because these are 
the  curves w h ich  f i t  the  em erg ing  flu x  scenario when 5  is he ld  fixed and o n ly  yd is varied.
For th e  f irs t  s ix  cases, h o ld in g  y<f fixed is equ iva len t to  keeping the a rea  per u n it  length  
(i.e. w id th )  o f  th e  em erg ing  f lu x  region co n s ta n t because W  is ju s t  tw ice  yd-  T here fo re , fo r 
these cases va ria tio n s  in  S  tra n s la te  d ire c tly  in to  changes in  th e  to ta l f lu x  <5.4. T h e  value 
o f 5.4 lis te d  fo r  each e n try  in  th e  las t co lum n o f  Table 6.1 corresponds to  the  a m o u n t o f  
flu x  w h ich  has emerged a t the  nose p o in t o f  th e  e q u ilib r iu m  curve . T he  e n tr ie s  w h ich  have 
tw o  values o f  5.4 correspond to  the  typ e  o f  closed e q u ilib r iu m  curve show n in  F ig u re  6-3c, 
w h ile  e n tr ie s  w h ich  have o n ly  one value o f 5.4 correspond to  th e  type  o f  open e q u ilib r iu m  
curve show n in  F igu re  6-3b . W h e n  there  are tw o  values o f  5A.  one value is  a lw ays pos itive  
and th e  o th e r  is a lways nega tive . T h e  pos itive  va lue corresponds to  an em erg ing  flu x  region 
whose p o la r ity  is said to  be favo rab le  fo r reconnection , w h ile  th e  negative va lue  corresponds 
to  a region whose p o la r ity  is un favorab le  fo r reconnection . T h u s , the  s ign o f  5>1 ind ica tes
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w h e th e r reconnection w il l  occur betw een th e  o ld  and  new flu x  sys tem , w h ile  th e  m agn itude  
o f  <L4 ind ica tes  how m uch f lu x  o f  a  g ive n  sign is requ ired  to  tr ig g e r an e ru p tio n .
F o r the las t five cases in  Tab le  6 .1 , b o th  W  and  5A  vary as yd is varied w ith  S  held
fixed , b u t th e  va ria tion  o f  W  is g e n e ra lly  less th a n  th a t  o f <L4. A ls o  fo r these cases, on ly  
one value o f  SA  is possib le because th e  e q u ilib r iu m  cu rve  canno t be a closed lo o p  as was 
possib le fo r those cases w ith  yd held fix e d  and S  v a ry in g . The  reason fo r th is  is as fo llows. 
W hen  S  is held fixed and yd is va ried , no emerged f lu x  corresponds to  having th e  source S  
in f in ite ly  fa r  below the  surface, since th is  loca tion  corresponds to  yd =  oo.
T ab le  6.1 confirm s th e  p o in t we m ade  earlie r th a t ,  despite th e  appa ren t s im p lic ity  o f 
o u r  m odel, no sim ple p a tte rn  emerges fro m  i t  w ith  regards to  the  p o la r ity  o f  th e  em erging 
reg ion and th e  like lihood  o f  an e ru p t io n . B y them selves, cases 3, 8 and 10 w o u ld  seem 
to  agree w ith  the observed behav io r reported  by Feynman and Martin  [199-5] th a t  the 
em ergence o f  f lu x  w ith  an o r ie n ta tio n  favo rab le  fo r  reconnection increases the  lik e lih o o d  o f 
a  p rom inence e rup tion . B u t when we lo o k  a t some o f  the  o the r cases in th e  ta b le , we see 
th a t  th e ir  behavio r is n o t cons is ten t w ith  th is  obse rva tion . In cases 1 and 4, fo r  exam ple, 
o n ly  th e  emergence o f  b ip o la r region w ith  a p o la r ity  unfavorab le  fo r  reconnection  leads to  
e ru p tio n . Feynman and Martin  [1995] also reported  th a t  the  d is tance  o f the e m erg ing  flux  
fro m  th e  fila m e n t channel was im p o r ta n t.  I f  the  new f lu x  appeared w ith in  the  channe l, then 
e ith e r p o la r ity  (favorab le  o r  un favo rab le ) w ou ld  tr ig g e r  an e ru p tio n , and i t  was o n ly  when 
th e  em ergence occurred ou ts ide  th e  channe l the  p o la r ity  was im p o r ta n t.  H ow ever, in  our 
m ode l the re  is again no s ing le re la tio n  between th e  d istance Xd o f  th e  em erg ing  f lu x  and 
th e  im p o rta n ce  o f the em erg ing  b ip o le ’s p o la rity , a lth o u g h  there is some tenden cy  fo r  such 
a behav io r to  occur, fo r  exam ple, in  cases 2 and 3.
W e also noticed th a t  cases 7 th ro u g h  11 im p ly  th a t  reasonable e ru p tio n s  can  o n ly  be
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trigge red  by  em erg ing f lu x  w ith  a favorab le  p o la r ity , b u t never by  an un favorab le  one. 
T he  fa c t th a t  th is  behav io r is q u ite  d iffe re n t th a n  th e  cases 1 th ro u g h  6, correspond ing  to  a 
chang ing  S ,  suggests th a t  observations o f  e ru p tive  behaviors m ig h t be used to  de te rm ine  how 
the  new ly  em erging f lu x  is produced. In  o the r w ords, the  behav io r p roduced by increasing 
th e  s tre n g th  o f a source a t a fixed lo ca tio n  (cases 1 th rough  6) is d iffe re n t than  the  behavio r 
produced by m ov ing  a source w ith  th e  fixed s tre n g th  upw ard (cases 7 th ro u g h  11). F o r the 
fo rm e r, the  re la tion  o f  th e  like lihood  o f  an e rup tion  to  the p o la r ity  o f  th e  emerged f lu x  is not 
s im p le , b u t fo r the  la t te r ,  the  re la tio n  is re la tive ly  s tra ig h tfo rw a rd  since o n ly  the  emerged 
f lu x  w ith  a favorab le  p o la r ity  trigge rs  an e ru p tio n . T h is  suggests th a t  th e  behavio r observed 
by Feynman and Martin  [1995] and Wang and Sheeley [1999] m ig h t be because o f  the  way 
new f lu x  emerges, ra th e r  than  because o f  the  w ay reconnection a ffects  th e  balance o f  forces 
a c tin g  on th e  flu x  rope.
6.5 Sum m ary
In  th is  chap te r we have presented a  f lu x  rope m odel o f  so la r e ru p tio n s  th a t inco rpora tes 
th e  process o f  flu x  emergence. We s ta rte d  w ith  the  quasi-steady M H D  m odel o f  Forbes and 
Isenberg[ 1991], w h ich  is based on concepts f irs t in troduced  by Van Tend and Kuperus [1978] 
and then  developed by Martens and Kuin  [1989], Van Ballegooijen and Martens [1989]. In 
th is  m odel there is a  f lu x  rope w h ich  is suspended in  the co rona  by a balance between 
m agne tic  com pression and tension forces. By s low ly  evo lv ing  th e  pho tospheric  m agnetic  
fie ld , i t  is possible to  create  an im balance which causes the f lu x  rope  to  be ejected upwards. 
Here we have used a new ly  em erging f lu x  system to  evolve th e  b o u n d a ry  cond ition s . A lto ­
ge the r, there  are fo u r  free param eters w h ich  describe the b o u n d a ry  co n d itio n s  and one free 
p a ram e te r (the  rad ius) w h ich  describes the  flu x  rope. Because o f  th is  la rge num ber o f  free
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
140
param eters, th e  e q u ilib r ia  co n s titu te  m u lti-d im e n s io n a l surfaces w ith  com p lex  geom etry, 
and th e  num be r o f  d iffe re n t scenarios one can c o n s tru c t to  o b ta in  an e ru p tio n  is ve ry  large. 
Thus, desp ite  the  ap p a re n t s im p lic ity  o f  o u r tw o -d im ens ion a l m odel, i t  a c tu a lly  leads to  a 
q u ite  co m p le x  behav io r. So much so, i t  is d iff ic u lt to  e x tra c t any s im p le  ru le  fo r  p re d ic tin g  
w ha t types  o f  em erg ing  f lu x  w ill p roduce an e ru p tio n . T h is  is even m ore like ly  to  be the 
case fo r  a m ore re a lis tic  th ree-d im ensiona l system , w h ich  has p o te n tia lly  m any m ore degrees 
o f freedom .
T hus , th e  s im p le  p ic tu re  th a t new  f lu x  w ith  an o r ie n ta tio n  favo rab le  fo r  reconnection 
w ill tr ig g e r  an e ru p tio n  by the " te th e r  c u tt in g ”  o f  th e  fie ld  lines o ve rly in g  the  f lu x  rope 
is in su ffic ie n t to  describe th e  behavio r we observed. In  h inds igh t th is  does no t seem par­
t ic u la r ly  su rp r is in g  w ith in  the  co n te x t o f  a flu x -ro p e  m odel based on a loss o f  id e a l-M H D  
e q u ilib r iu m . T he  occurrence o f ca ta s tro p h ic  b e h a v io r in  such a m odel is no t caused by 
s im p ly  decreasing th e  m agnetic  tension ho ld ing  th e  f lu x  rope in  place o r  by increasing the  
m agnetic com pression push ing i t  u p w a rd . N o rm a lly , as one o f  these forces is decreased o r 
increased, th e  o th e r a u to m a tic a lly  compensates so th a t  e q u ilib r iu m  is m a in ta ined  and no 
ca tas trophe  occurs. I t  is o n ly  a t specia l locations (i.e . th e  nose p o in ts  o f  the  e q u ilib r iu m  
curves) w here the  forces canno t balance and ca tas trophe  can o ccu r. R econnection between 
the new and o ld  f lu x  system s may, o r  m ay not, d r ive  th e  system  to  one o f these nose po in ts . 
A lth o u g h  we can re p lica te  the  resu lts o f  Feynman and Martin  [1995] to  some e x te n t, we 
ob ta in  a d d it io n a l p oss ib ilitie s  fo r e ru p tio n  th a t th e y  d id  no t re p o rt. I t  m ay be th a t  these 
a d d itio n a l poss ib ilitie s  can account fo r  those few cases th e y  observed w h ich  d id  no t f i t  the  
general p a tte rn . How ever, w ith o u t a m ore  deta iled  e xa m in a tio n  o f  such cases and a m ore 
rea lis tic  th ree -d im ens io na l m odel, i t  is n o t possible to  de te rm ine  w h e th e r th is  is so.
T h e  de ta iled  b ehav io r o f  ou r system  can be sum m arized  as fo llow s :
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I f  the  new  em erg ing  f lu x  is m odeled s im p ly  b y  s tre n g th e n in g  th e  source, S , th e  occur­
rence o f  ca ta s tro p h ic  behav io r depends on the  sou rce ’s lo c a tio n , Xd and yd, as fo llow s :
F o r sm a ll Xd (— 1), chang ing  th e  source d e p th , yd, has l i t t le  e ffect and th e  e vo lu tion  
corresponds to  a s im p le  fo ld  ca tas trophe , b u t e ru p tio n s  o ccu r o n ly  i f  th e  o r ie n ta tio n  o f  the 
new  f lu x  is u n favo rab le  fo r  reconnection  (i.e. S  <  0 ). T h is  co rresponds to  cases 1 and 4 in  
T ab le  1.
A s Xd increases beyond a c r it ic a l value, th e  c a ta s tro p h ic  b e h a v io r changes. E ith e r  o r i­
e n ta tio n  o f  new  f lu x  (i.e . favo rab le  w ith  5  >  0 o r  un favo rab le  w ith  5  <  0) m a y  lead to  
an e ru p tio n , b u t the  source d e p th , yd, now s ta r ts  to  have an e ffec t. F o r a  sh a llo w  source 
(sm a ll yd as in  cases 2 and 3), a new  f lu x  w ith  a favo rab le  o r ie n ta t io n  is m ore lik e ly  to  lead 
to  an e ru p tio n  th a n  one w ith  an un favorab le  o r ie n ta tio n . T h is  behav io r is cons is ten t w ith  
th e  observa tions o f  Feynman and Martin  [1995] and  Wang and  Sheeley [1999]. F o r a  source 
loca ted  deeper in  th e  photosphere (la rge  yd as in  cases 5 and  6 ), th e  s itu a tio n  is reversed, 
so th a t  a new f lu x  w ith  an un favo rab le  o r ie n ta tio n  can tr ig g e r  an e ru p tio n  m ore eas ily  than 
one w ith  a favo rab le  o r ie n ta tio n . T h is  is ju s t  o p p o s ite  to  th e  observa tions .
I f  the  new em erg ing  flu x  is m odeled by a fix e d  s tre n g th  m agne tic  source r is in g  from  
be low  the photosphere  (decreasing yd), then th e  resu lts  are as fo llow s:
( i)  F o r an o r ie n ta tio n  un favorab le  fo r reconnection  (5  <  0 ), no e q u ilib r iu m  exists  fo r 
la rge  (S[ and la rge  xd- E q u ilib r ia  do  ex is t fo r s m a ll |S | and s m a ll Xd, b u t ca tas trophes  occur 
o n ly  fo r an im p la u s ib ly  d iffuse source (case 9 in  T a b le  6.1).
(it) F o r an o r ie n ta tio n  favo rab le  fo r reconnection  (p o s it iv e  S ) , e q u ilib r ia  e x is t, and 
p laus ib le  ca tas trophe s  occu r fo r reasonable values o f  S  (cases 7 , 8, 10, and 11).
F o r the  re la ted  case o f  pu re ly  h o riz o n ta l m o tio n  o f  a source o f  fixed  s tre n g th , ca tas trophes 
e x is t fo r  S o f  e ith e r p o la r ity , b u t th e  e v o lu tio n a ry  behav io r o f  the  tw o  cases a re  n o t the
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same. T h e  ca tas trophes w h ich  occur fo r  pos itive  5  (i.e . favorab le  fo r  reconnection ), cause 
the f lu x  rope  to  ju m p  m o s tly  in  the h o r iz o n ta l d ire c tio n  fro m  a lo ca tio n  above the  o ld  source 
to  one above th e  new source. These ca tas trophes are n o t reasonable representa tions o f  a 
typ ica l so la r e ru p tio n . B y  con tras t, fo r  negative  5 , p r im a r ily  v e rtic a l ju m p s  occur, w hich 
reasonably m odels the  behav io r expected fo r  a so lar e ru p tio n .
F in a lly , th e  m agnetic  system  o f o u r m ode l m ay lose id e a l-M H D  e q u ilib r iu m  c a ta s tro p h i­
ca lly  in  m a n y  s itu a tio n s . B u t fo r  some o f  th e m , such as those described in F igures 6-4c and 
6-9a, i t  is n o t c lear i f  e ith e r ca tas trophe  represents a m a jo r  e ru p tio n . O ne w ay to  de te rm ine  
w hether a p a r t ic u la r  ca ta s tro p h e  would be su itab le  is to  use o u r m ode l resu lts  as a s ta r t in g  
po in t fo r  num erica l s im u la tio n s . H ow ever, the  ca tastrophes shown in  F igu res 6-3b, 6-3c, 
and 6-6c, do  n o t have a n o th e r e q u ilib r iu m  curve  located r ig h t above c r it ic a l po in ts , so, these 
cases are exce llen t cand ida tes  to  produce a  C M E  typ e  e ru p tio n .
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Chapter 7
Effect of Curvature on Flux-Rope 
Models of Eruptions
T he  la rge scale c u rva tu re  o f  a flu x  rope can help p rope l i t  o u tw a rd s  fro m  the  Sun. T h is  
cu rva tu re  force o r uhoop~ force, as i t  is som etim es called, is caused by  the  pinches o f  the  
p o lo id a l fie ld near th e  edge o f  the  f lu x  rope where the  flu x  rope is ben t. In  o th e r w ords, the 
f lu x  rope resists any effect to  bend i t .  In  any th ree-d im ensiona l m ode l o f  the  so la r e ru p tio n , 
the  f lu x  rope m ust be curved since i t  m ust be o f  fin ite  leng th  and connected e ith e r to  its e lf  
o r  to  the  surface.
H ere we extend prev ious tw o -d im ens iona l flu x -ro p e  models o f  co ro n a l mass e jections to  
inc lude  the  cu rva tu re  force. To o b ta in  a n a ly tica l results we assume a x ia l s y m m e try  and 
m odel th e  flu x  rope as a to ru s  w h ich  encircles the Sun, a lthough  in  re a lity  the  f lu x  rope is 
m ore lik e ly  to  be a ttached  to  the photosphere . In it ia lly ,  the  f lu x  rope is suspended in  the 
corona by a balance between m agnetic  tension, com pression, and c u rv a tu re  forces, b u t th is  
balance is los t i f  the  pho tospheric  sources o f  the  co rona l fie ld s lo w ly  decay w ith  tim e . To 
present th e  pho tospheric  fie ld in  th e  absence o f  th e  f lu x  rope, we use a th ree-d im ensiona l 
Sun-centered d ipo le . As we w ill show  in  th is  chap te r, the  m ax im um  to ta l m agne tic  energy 
w h ich  can be s to red  before e q u ilib r iu m  is los t is 1.53 tim es th e  energy o f  the  p o te n tia l 
fie ld , and th is  value is less than  the  th e o re tica l l im it in g  value o f  1.662 fo r  the  fu l ly  opened 
fie ld . A s  a consequence, th e  loss o f  id e a l-M H D  e q u ilib r iu m  wrh ich  occurs in  th e  model
143
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canno t com p le te ly  open th e  m agne tic  fie ld . H ow ever, the  loss o f  e q u ilib r iu m  does lead to  
the  fo rm a tio n  o f  a c u rre n t sheet, and i f  rap id  m agne tic  reconnection  occurs in  th is  sheet, 
the  f lu x  rope can escape from  th e  Sun.
7.1 In trod u ction
P rev ious ly , we co ncen tra te d  on th e  tw o -d im ens iona l system w ith  C artes ian  coord ina tes. 
T h a t system  evolved q u a s i-s ta tic a lly  in  response to  changes o f  th e  pho tospheric  background 
fie ld , and  the e q u ilib r iu m  cu rve  con ta ined  one o r  m ore c r it ic a l po in ts  w here  quas i-s ta tic  
e v o lu tio n  was no lo n g e r possible. I t  is a t such a p o in t th a t e ru p tio n  is expected to  occur. 
In  o rd e r  to  inves tiga te  a m ore re a lis tic  co n fig u ra tio n , we now tu r n  to  a sys tem  w ith  a x ia l 
s y m m e try . U n like  th e  prev ious sys tem , the  present system  has a f in ite  scale and  thus  a f in ite  
to ta l energy. T he re fo re , we are ab le  to  de te rm ine  w he the r the  A ly -S tu r ro c k  l im i t  applies to  
th is  sys tem  which co n ta in s  n o n -s im p ly  connected m agnetic  arcades.
In  th is  chapter, we m o d ify  th e  previous analyses by rep lac ing  a  f la t  so lar surface  and an 
in f in ite ly  long c y lin d r ic a l f lu x  rope  w ith  a spherica l so la r surface o f  radius i?o and a c ircu la r 
flu x  rope  o f  m a jo r ra d iu s  (o r th e  he igh t from  th e  center o f the  Sun) h and cross-sectional 
(m in o r) rad ius r 0 a ro u n d  the Sun, respectively. A lth o u g h  th is  m ode l is s t i l l  g e o m e trica lly  
overs im p lified  com pared  to  real e ru p tio n s , i t  con ta ins  tw o  im p o r ta n t im provem en ts  over the  
p revious models. F ir s t ,  i t  inc ludes th e  cu rva tu re  force which is like ly  to  be s ig n ifica n t in 
d r iv in g  th e  C M E s o u tw a rd  fro m  th e  Sun, and second, the to ta l energy s to red  is now fin ite  
instead o f  in fin ite  as in  the  p rev ious models. A s  before, ro is s t i l l  assumed to  be much 
sm a lle r th a n  the  h e ig h t, h, o f  th e  f lu x  rope, th a t  is rQ <C h.
A lth o u g h  o u r a x is y m m e tr ic a l m ode l now includes cu rva tu re  e ffects, i t  s t i l l  has the  fea tu re  
th a t th e  ends o f th e  flu x -ro p e  are n o t anchored to  th e  photosphere. There fo re , th e  p o ss ib ility
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rem ains th a t  i f  th e  ends w ere anchored, th e  c a ta s tro p h ic  behavio r we find  in th e  present 
s o lu tio n  m ig h t be e lim in a te d . However, the re  is no evidence a t th e  present t im e  th a t 
a n cho ring  th e  ends o f  th e  f lu x  rope p reven ts  ca ta s tro p h e  behavio r.
In  th e  n e x t section , we o u tlin e  the  m ode l and in  section  7.3, we solve the  govern ing  
equa tions fo r  a c o n fig u ra tio n  w ith o u t c u r re n t sheets. In  section 7.4, we o b ta in  a s y m p to tic  
so lu tio n s  fo r  system s w ith  c u rre n t sheets in  the  l im it  th a t  th e  flu x  rope is fa r fro m  th e  Sun. 
F in a lly , we sum m arize  and discuss the  phys ica l m ean ing  o f  ou r resu lts  in  section 7.5.
7.2 D escrip tion  o f  T he M o d el
T h e  m odel consists o f tw o -d im ens ion a l e q u ilib r iu m  s o lu tio n s  in  a spherica l system  w ith  ax ia l 
s ym m e try , and w ith  r =  R q being the pho tospheric  b ound a ry . T he  co rona l region r > Ro 
is assumed to  be p e rfe c tly  conduc tin g , so th a t  m agne tic  fie ld  lines are frozen to  th e  p lasm a. 
A  to ro id a l force-free m a g n e tic  flux-rope  is suspended in  the  corona a t the  he igh t, h, by 
a  balance between tens ion , com pression, and  c u rva tu re  forces. T h e  la t te r  occurs w hen a 
s tra ig h t, c u rre n t-c a rry in g  f lu x  rope is ben t in to  a c u rv e  [Shafranov 1966]. In th e  present 
w o rk , we do n o t address th e  question o f  how  a flu x -ro p e  m igh t be fo rm ed, b u t several 
m echanism s have been suggested in p rev ious studies (e.g. Van Ballegooijen and M artens 
[1989]; Inhester et al. [1992]; and Van Ballegooijen [1999 ]).
A  ca ta s tro p h ic  ju m p  m a y  occur before o r  a fte r a n e u tra l p o in t (o r  X -p o in t)  appears, 
depend ing  on the  s tru c tu re  o f  th e  pho tospheric  field and on the  rad ius o f  the  f lu x  rope . Here 
we assume th a t  the  reconnection  tim e  scale is long com pared  to  the  corona l A lfv e n  tim e  
scale, b u t s h o rt com pared to  th e  tim e  scale o f  the  pho tosp he ric  fie ld  e vo lu tio n . T h is  means 
th a t  c u rre n t sheets c o n tin u a lly  dissipate as th e y  t r y  to  fo rm  d u rin g  the  s low  e vo lu tio n  phase 
p r io r  to  e ru p tio n . H ow ever, d u r in g  the  e ru p tiv e  phase, th e  system  evolves so ra p id ly  th a t
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
146
cu rre n t sheets can fo rm  because the  e v o lu tio n  is to o  fast fo r  them  to  d issipate.
T he  co rona l m agnetic field d u rin g  th e  s to rage phase is determ ined by the n o rm a l fie ld  
com ponent a t the  photospheric  boundary, and the  m agne tohyd ros ta tic  equations:
i j x B  =  V p  +  F g, (7.1)
c
V  x  B  =  — J . (7.2)
c
V - B  =  0, (7.3)
where B  is th e  m agnetic  fie ld , J  is the  c u rre n t desity , p is the p lasm a gas pressure, F 5  is 
g ra v ita tio n a l force and c is the  speed o f  lig h t.
B y  in vo k in g  the force-free a p p ro x im a tio n , we assume th a t bo th  th e  g ra v ita t io n a l and 
pressure forces in  (7.1) are negligib le. A lth o u g h  these forces may be q u a n tita t iv e ly  im p o r­
ta n t fo r some aspects o f  so la r e rup tions , th e y  are n o t essential to  the  ca tastrophe  b ehav io r 
we consider here. T h is  leads to
J  x  B  =  0. (7.4)
So lv ing  (7 .2) and (7.4) w ith  the a p p ro p ria te  bou n d a ry  cond ition  gives the w ho le  mag­
netic  co n fig u ra tio n  o f th e  system . We s ta r t  by choosing a spherical coo rd ina te  sys tem  and 
p u tt in g  its  o r ig in  a t the cen ter o f the Sun w ith  the  .r-axis in  the n o rth  d irec tion , so, (7.2) 
and (7.4) can be com bined and s im p lified  to  one equa tion :
y 2 .d ;  -4*  | 1  d(rB p  s in 9)2 = Q
°  r 2 s in2 # 2 r s in 0  d(r.4,j>sin0)
where, B$ is the  fie ld in  az im u tha l d ire c tio n , and A#  is the  <f> com ponen t o f th e  ve c to r
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p o te n tia l A  defined by
( B r , Bg,  B&)
r  sin 9 c
1
in  th is  geom etry, and .4r , Ag and B<p a ll vanish o u ts id e  th e  f lu x  rope. N ote  the d ifferences
7.3 C onfiguration  Prior to  E ruption
For o u r analysis, equa tion  (7.5) can be re -w ritte n  as a Poisson equa tion  (see A p p e n d ix  B ):
la t te r  ex is ts . VVe fu r th e r  assume th a t  the re  are no m agne tic  fie ld  sources a t in f in ity ,  th a t  
the  flu x -ro p e  is located in  the  e q u a to ria l plane, th a t  th e  f lu x  rope is the  o n ly  cu rre n t source 
in  the  reg ion r > R 0 p r io r  to  the  e ru p tio n , and th a t  the  m in o r rad ius, ro, o f  th e  flu x  
rope is much sm aller th a n  its  d is tance  h from  th e  Sun. T h e  bound a ry  co n d itio n  a t the
i t  is the  best one to  use, b u t because i t  a llow s us to  com pare  o u r analysis to  p rev ious ones 
w hich have used such a bou n d a ry  co n d itio n  (e.g., M ikic and L inker  [1994]; Low and Sm ith  
[1993]; Roumeliotis [1992]). In fac t, a p rev ious ana lys is  o f  the  2 -D  system  w ith  tra n s la tio n a l 
s y m m e try  suggests th a t  th e  d ipo le  b o u n d a ry  co n d itio n  is the  least e ffective  in p ro d u c in g  a 
v igo rous e ru p tio n  (see Forbes et al. [1994]).
o f  equa tions (7.5) and (7 .6 ) from  th e ir  C artes ian  c o u n te rp a rts  (3.6) and (3.7).
(7.7)
where J#  includes the  c u rre n t d e n s ity  in  th e  f lu x  rope  and also the  c u rre n t sheet, i f  the
photosphere represents a fie ld  equ iva len t to  th a t p roduced  by a p o in t d ipo le  a t th e  cen te r
o f  the Sun. W e choose a p o in t d ipo le  to  represent th e  b o u n d a ry  fie ld n o t because we th in k
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T h e  fie ld  in  the  reg ion  outs ide  th e  flu x -ro p e  can m ost easily  be d e te rm in e d  by repre­
sen ting  th e  flu x  rope as a  c ircu la r lin e  c u rre n t o f  th e  fo rm
J<p(r, 9) =  ^ S ( c o s 9 ) 5 ( r - h ) ,  (7.8)
w here I  is the  cu rre n t s tre n g th  ca rr ie d  b y  th e  flu x -ro p e . N o te  th a t th is  is an a p p ro x im a tio n  
w h ich  is va lid  o n ly  o u ts id e  the  f lu x  rope , since w ith in  the  f lu x  rope. J © is f in ite  and Jg is no t 
zero. T he  ve c to r p o te n tia l a t the pho tosphere , w h ich  is ju s t  th e  background d ip o le  fie ld , is
o  m m 0 <r(f) s in 0
.4 o (r =  7?o, 0) =  ------- ^ 2 --------- ’ ( * -9 )
where ttiq is a con s ta n t and a(t)  is a  fu n c tio n  w h ich  s lo w ly  varies w ith  t im e . Thus, the  
e vo lu tio n  o f  the  pho tospheric  fie ld described  b y  a(t)  is s im ila r  to  th a t  in  a  decay ing  ac tive  
reg ion, except th a t here o u r  assumed s y m m e try  makes th e  v a ria tio n  g loba l.
E q u a tio n  (7.7) can be solved by  m eans o f  G reen ’s m e thod  by co m b in in g  i t  w ith  (7.8) 
and (7 .9 ). T h e  so lu tio n  is
.4p (r. 0) c o s <f> = — f  9') cos <p'G'(r, r ')d V '
c J v
~  b  £  A4,{R° ’ 6' ] COS<t>' dG{dr> ~  |r'=Ro rf5 ' ’ (7U0)
w here the  vo lum e in te g ra l is taken over th e  w ho le  region w ith  r > R 0 a n d  th e  surface 
in te g ra l is taken over th e  surface o f  th e  Sun, nam ely, r ' =  Rq. T h e  fu n c tio n  G (r, r') is the  
G reen ’s fu n c tio n  fo r o u r  system :
G (r , r') =  1 Ro
— r' | r ' | r — R qt' / r n  | ’
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w h ich  in  te rm s o f  spherical coo rd ina te s  can be w r it te n  as:
G (r, r') =
( r 2 r/2  — 2 rr ' c o s y ) 1/ 2 [r2rn  j  R"^  -j- — 2 r r / cos7 ) 1/ 2 ’
(7.11)
w here 7  is the  angle between r and r ' and cos7  =  cos9 co s9' +  s in 9 s in  9 'cos(d> — o ') ,  and 
G(r, r') satisfies
G {r ,  r ' ) | r=Ro = G { r ,  r ' ) | r '=.Ro =  0.
N o te  the  differences between equa tion  (7 .11) and its  C a rtes ian  c o u n te rp a rt (4.7). 
S u b s titu t in g  (7.9), (7.8) and  (7.11) in to  (7.10) gives:
.4«j(r, 9) = 4 Ih (2 -  k2)K {k ) -  2 E (k)
+
c \Jh 2 + r2 +  2 h r  s in 0 
A lhR o
c-\Jh2r 2 4 - R% 4 - 2 hrR% sin 6
m 0a (t)  .
 5— sin 9,
k 2
(2 -  k 2)K {k)  -  2 E (k)  
k2
(7 .12)
w here K  and E  are com plete e llip t ic  in te g ra ls  o f  the f irs t  and second k in d , respective ly, and
k 2 
k 2
4 / ir s in  9
h2 +  r 2 -f- 2 / ir s in  0 ’ 
4 /ir i? o  sin 9 
h2r 2 -f- Rq +  2 /ir/?o  sin 9
In  a spherica l coord ina te  system  w ith  a x ia l sym m etry , m agnetic  fie ld lines are described
bv
d r _  rd9
=  "b T ’
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F ig u re  7-1: M agne tic  fie ld co n fig u ra tio n  in a  m e rid io n a l plane ( r .4 ^ s in 0  co n tou rs ) when 
th e  system  is a t the  c r it ic a l p o in t fo r  the  case o f  roo =  0.01. T ic k  m arks are spaced every 
so la r rad ius in the  e q u a to ria l and p o la r d irec tions .
w'hich y ie lds
r .4 ^ s in 5  =  const., (7.13)
ho ld in g  (w ith  a d iffe re n t constan t) on each fie ld  line . F igu re  7-1 shows the m agne tic  field 
co n to u rs  o f our m odel in  a m erid iona l plane.
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7 .3 .1  G lo b a l  E q u i l ib r ia
A cco rd in g  to  (7 .6), th e  re su lt given in  (7 .12) yie lds a m agne tic  fie ld  on the  8 =  t t /2  (equa­
to r ia l)  p lane in  te rm s o f  th e  series:
2n+2'n~ \fir, n) - h2 (R qt \ r h J
+  ( T  - 1 4 )
where
f i r ,  n) = - i m a ) 2n * r < h
( ^ ) 2 n + 3  i f r > A ,
w h ich  corresponds to  th e  fie ld  produced by  the  c u rre n t in  the  f lu x  rope a lone. B y  s u b tra c tin g  
f i r ,  n) and se ttin g  r =  h  in  (7.14), we can deduce th e  e x te rn a l m agnetic  fie ld, B e , a c tin g  
on the  f lu x -ro p e  due to  th e  sources o u ts id e  o f  i t .  T h e  resu lt is
4 t t /  00
e — p -  /  .
cR o ^ o
41
~  r ( 2 n + l ) ! ! ]
5 >  + l > [< S + m
2 n+ 2  , rngajt) 
p ^  h?
c R q
r , ( , E{p) ]  m 0a{t)
w here p  =  (R o /h )2. N o te  th a t the  e x te rn a l m agne tic  fie ld , B e, includes no t o n ly  the 
c o n tr ib u t io n  o f  the  backg round  d ipo le  fie ld  (the  th ird  te rm  a t th e  r ig h t hand side o f  equa tion  
[7.15]) b u t also th a t o f  a surface c u rre n t (the  o the r te rm s  a t the  r ig h t hand side o f  [7.15]) 
w h ich  is equ iva lent to  an im age o f  the  f lu x  rope benea th  the  surface.
In a tw o -d im ens ion a l system  w ith  tra n s la tio n a l s ym m e try , the  body  forces on th e  flu x  
rope are a ll p ro p o rtio n a l to  B e, so th e  e q u ilib r ia  are  s itu a te d  a t the  pos itions w here  B e
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vanishes (re fe r to  the  d iscussions in  th e  p rev ious chap te rs ). However, th is  co n d itio n  does 
n o t hold in  th e  present case. T h e  c u rva tu re  o f  th e  flu x -ro p e  creates an a d d it io n a l o u tw a rd  
force w h ich  m u s t be balanced by the  e x te rn a l fie ld , B e. T h is  force was ca lcu la ted  by 
Shafranov [1966], and the  m a g n itu d e  is equa l to  th e  c u rre n t, I ,  tim es the  m agnetic  fie ld  B s :
( 7 - 1 6 )
where r 0 is th e  m in o r rad ius  o f  the  to ro id a l flu x -ro p e  and we have assumed th a t th e  fie ld  
inside the flu x -ro p e  is p rescribed by L u n d q u is ts  force-free so lu tion  (see A p p e n d ix  C ). F o r 
a  force-free flu x -ro p e , th is  fo rce  is a lways d irec ted  o u tw a rd  in  the  rad ia l d ire c tio n , and i t  is 
caused by th e  com pression o f  th e  po lo id a l fie ld  a long  the  ins ide edge o f  th e  to rus .
M a tc h in g  B e in  (7.15) and  B s in  (7.16) gives th e  c o n d itio n  fo r  g loba l e q u ilib r iu m , nam e ly
(7 -i 7 >
where now a ll leng ths  are no rm a lized  to  Ro-. the  rad ius o f  the  Sun, J  is th e  c u rre n t no r­
malized to  To =  ttiqc/ { u R q) ,  and p  = l / h 2. T h e  cons tan t u is used to  no rm a lize  <r to  u n ity  
when ./ reaches one, its  m a x im u m  value.
Since th e  fro ze n -flu x  c o n d it io n  requires the  m agnetic  fie ld  lines a t th e  surface o f  the  
flu x -rope  to  rem a in  unchanged, we requ ire , accord ing  to  (7 .13 ), th a t
(h -  ro)A ft =  (h — r0)A<p(h -  r 0, ^~) =  const.
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S u b s titu t in g  (7.12) in to  th is  equa tio n  gives:
hApi =  — h {2 J  In — — i J + 4 Jh[E (p ) — K (p)] +  ^ - }  =  const.. (7.18)
c ro h*
to  the  lowest o rde r o f  r o / h .  To de te rm ine  h  so le ly  as a fu n c tio n  o f  cr, we need to  consider
the  local e q u ilib r iu m  inside the  flu x -rope .
7 .3 .2  I n t e r n a l  E q u i l i b r i u m
T h e  d is tr ib u tio n  o f  c u rre n t d e n s ity  and field inside th e  flu x -ro p e  is a rb it ra ry  to  some ex ten t 
since we are free to  choose any force-free co n fig u ra tio n  in it ia l ly  in  th e  same w ay th a t we are 
free to  choose a photospheric  b o u n d a ry  co n d itio n .
F o r o u r m odel, we w ill use Lundquist's  [1950] so lu tio n  w h ich  has been extensive ly used
in  m ode ling  corona l mass e jections (e.g., Kum ar and R ust [1996]). F o r s im p lic ity , the
ca lcu la tio n  o f  the  in te rn a l e q u ilib r iu m  is perform ed in  a c y lin d r ic a l co o rd in a te  system  where 
B z is a long the  ce n tra l axis, B# is th e  az im u tha l com ponen t, and B p is th e  rad ia l com ponent 
re la tive  to  th e  axis. In  th is  system , Lundq u is t's  so lu tio n  is
B p =  0
B# = B 0Ji (Xr)
B z = B 0J 0{Xr),  (7.19)
T h e  Jo and J \  are the  zero th  and f irs t  o rder Bessel func tions , and A is a constan t.
For a to ro id a l f lu x -ro p e  the  L u n d q u is t so lu tio n  is a p p ro x im a te ly  co rrec t as long as the  
m in o r rad ius, ro, is much sm alle r th a n  the  m a jo r  rad ius, h [Miller and Turner  1981]. Since 
th e  flu x -ro p e  in  o u r m odel is loca ted  in  the  e q u a to ria l p lane, th e  e x te rn a l fie ld B e does n o t
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c o n tr ib u te  to  the  to ro id a l com ponen t w ith in  th e  flu x -ro p e . T h is  m eans th a t the  conservation  
o f  to ro id a l flu x  s im p ly  gives
r r Q
' /  B zpdpd/d =  const. (7.20)
o Jo
Since we also have A B z =  47r jz/ c  ( th e  force-free c o n d it io n ), eq u a tio n  (7/20) reduces to
^ = t  r  r jzpdpdd =Ac Jo Jo Ac
w ith
Y  =  cons t, (T.2 1 )
w here I  is the to ta l c u rre n t in the  flux-rope.
A t  th e  surface o f  the  flu x -rope , B z is equal to  zero so Jo (A ro ) =  0 there. Hence, A r0 is 
th e  f ir s t  zero o f Jo, nam e ly  Aro =  2.405. S u b s titu t in g  th is  in to  (7 /21 ), we find
r o /  =  cons t, (T.22)
w h ich  determ ines th e  re la tio n sh ip  between the  f lu x -ro p e  rad ius ro and the cu rre n t I .  Equa­
tio n  (7/22) has th e  sam e fo rm  as (4.17) a lthoug h  th e y  were deduced under d iffe re n t cond i­
tions .
7 .3 .3  E v o lu t io n  o f  t h e  S y s t e m
E qua tion s  (7.17) a n d  (7.18) in d ica te  th a t e q u ilib r ia  can o n ly  e x is t fo r  flu x -ro p e  cu rren ts
less th a n  a p a r t ic u la r  value. T h is  can be seen by  using equa tion  (7.17) to  e lim in a te  au  in
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equation (7 .18 ), differentiating the result w ith  respect to h, and setting dJ /dh  =  0 w ith
ro =
cqq/q _  r00
I  J  ’ (7.23)
where Io and J  are defined as before . A t  th e  c u rre n t m a x im u m , the  flu x -ro p e  e q u ilib r iu m  
he igh t h0 is re la ted  to  r0Q by
8  hn
3 I n  2 -f- 8 ho
roo
2 ~ 4Po f-t / \ , 3 p g -  2 T.., ,
=  0 , (7.24)
w here po =  1 /h^. We w ill re fe r to  th is  s ta te , h  =  ho, as th e  m axim um  current point, and 
roo corresponds to  the  rad ius o f  the  flu x -ro p e  a t  th is  p o in t. W h e n  r 0o vanishes, ho goes to  
u n ity .
A t  the  m a x im u m  cu rre n t p o in t, we set th e  co n s ta n t on th e  r ig h t-h a n d  side o f  (7.18) 
equa l to  h0A°RIo /c  and use (7 .17) to  e lim in a te  a u  in  (7 .18 ), g iv in g
h A R = hoA°R ^
i Io J o 1 Shp =  h0— < 3  I n  o -f- 4ho
c ^ 0 0
JL - l ° E { p o )  -  'H I(P o )  
1 -  Po }
T h u s
A°r  =  3 In - 5 -|- 4ho 
roo
'2^A e { P0) -  ~2K{po) 
1 -  Po
(7.25)
w ith  th is  e x p lic it  expression fo r  th e  cons tan t in  (7 .18 ), we have
j  _  A °R.h o. . 3 I n ---------o +  i hh r 0
2 —  p2 
1  — p2
\ —i
E(p)  -  2 K (p) (7.26)
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R e tu rn in g  to  (7.17) a t th e  m ax im um  c u rre n t p o in t, we o b ta in
(7-27)
T h e  c u rre n t J  is de te rm ined  se lf-cons is ten tly  from  th e  frozen -flu x  c o n d itio n  (7.18) w h ich  
depends on r 00, the  rad ius o f  the  f lu x  rope  a t the m a x im u m  c u rre n t p o in t. A s  m entioned 
before, <x is unchanged d u r in g  an e ru p tio n  (o r ca ta s tro p h e ), the re fo re  th e  h-a  curve re­
veals w here a ca ta s tro p h ic  loss o f  e q u ilib r iu m  can o ccu r. S u b s titu t in g  (7.26) in to  (7.17) to  
e lim in a te  J  leads to
system . T o  m odel an e ru p tio n , we suppose th a t the  flu x -ro p e  s ta r ts  som ewhere on the  
p o r t io n  o f  the  curve  w hich  is close to  the  so la r surface, fo r exam ple, a t a  =  1 , h =  1.186.
1991], b u t i f  the  pho tospheric  fie ld  s lo w ly  weakens w ith  tim e  (co rrespond ing  to  decreasing
moves le ftw a rd  and upw ards a long  the  e q u ilib r iu m  cu rve  u n t il i t  reaches the  lower nose 
p o in t a t  a  =  0.9458, h =  1.340. Once th is  c r it ic a l p o in t is reached, the  forces pushing
(7-28)
“  3 In f  — 5 +  4 h [ f E $ E (p )  -  2K(p)]  ’
w h ich  describes the  flu x -ro p e  e q u ilib r iu m  he igh t h as a fu n c tio n  o f  the  photospheric  bound­
a ry  c o n d it io n  pa ram e te r a.
T h e  dependence o f  h as a fu n c tio n  o f  u  is il lu s tra te d  in  F ig u re  7-2 fo r  roo =  10 2- T h e
e q u ilib r iu m  curve  in  F ig u re  7-2 e xh ib its  th e  sw itchback shape ch a ra c te ris tic  o f  a ca tas troph ic
A t  th is  lo ca tio n  the  flu x  rope is s tab le  to  d isp lacem ents in  any d ire c tio n  [Forbes 1990b and
cr), a s tab le  e q u ilib r iu m  w il l  e ven tua lly  become im possib le . As er decreases, the  flu x  rope
the  f lu x  rope away from  th e  Sun can no longe r be balanced by the  m agne tic  tension which
holds th e  f lu x  rope dow n. T h u s , a t the  c r it ic a l po in t (i.e . nose p o in t) , th e  f lu x  rope loses










0.0 0.5 1.0 1.5 2.0
<y
F ig u re  7-2: E q u ilib r iu m  he igh t h as a fu n c tio n  o f  d ip o le  s treng th  a  fo r  r 00 =  0 .01 . A t  
a  — 0.741, h  =  oo, and th e  fie ld has reached the open lim it .  T h e  so lid  circ le  ind ica tes  
the  pos ition  o f  cu rren t sheet fo rm a tio n , and the dashed line is a h yp o th e tica l c u rv e  fo r 
id e a l-M H D  e q u ilib r ia  c o n ta in in g  c u rre n t sheets.
e q u ilib r iu m  and is ejected ou tw a rd s , aw ay from  the Sun. As the f lu x  rope moves o u tw a rd , 
the  h o rizo n ta l fie ld  a t the  e q u a to r decreases u n til an X - ty p e  n eu tra l line  appears. In  the  
id e a l-M H D  l im it ,  the field a round  the n e u tra l line im m e d ia te ly  collapses to  a c u rre n t sheet 
th a t  grows in  length as th e  f lu x  rope moves fa rth e r fro m  the  Sun. H ow ever, as we w i l l  show 
in  the  next section , the increas ing  m agne tic  tension associated w ith  th e  g ro w th  o f  th e  sheet 
even tua lly  s tops the o u tw a rd  m ovem ent o f  the  flu x  rope  and leads to  th e  fo rm a tio n  o f  a 
new e q u ilib r iu m  con figu ra tio n  w ith o u t open ing  the fie ld .
Due to  m a them a tica l d if f ic u lty  o f  so lv in g  Poisson’s equa tion  (7.7) fo r  a mixed b o u n d a ry  
co n d itio n  (i.e . the  solar surface  plus c u rre n t sheet), we are no t able to  de te rm ine  a genera l
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a n a ly tic a l so lu tio n  w h ich  includes a c u rre n t sheet o f  a rb it ra ry  size. T h u s , we can o n ly  be 
sure th a t  an e ru p tio n  occu rs  when th e  c r it ic a l p o in t hc appears be fo re  th e  fo rm a tio n  o f  a 
c u rre n t sheet. T h e  lo c a tio n  o f  the  c r i t ic a l p o in t is de te rm ined  b y  s e ttin g  dcrfdh =  0 in 
equa tion  (7 .28 ), w h ile  th e  loca tion  w here  a  c u rre n t sheet fo rm s is de te rm ined  by  se ttin g  
Be{r =  R 0 =  1, 7t / 2 ) =  0  in  equation (7 .14 ) in  c o n ju n c tio n  w ith  th e  e q u ilib r iu m  co n d itio n  
(7 .28). W e label th is  lo ca tio n  as as(hs). and  i t  is g iven by
f  l n ( S . / / i 3 / r 0o )  +  2 A 5 [ E ,( p s ) -  K ( p s)]  -  2  1 )  ~ l
u \ 2 [ E ( l / h s) ( l  +  ps) / ( l - p s) - K ( l / h s) ] ^  h s I  ’ J>
where ps =  l / h F ig u re  7-3 p lo ts the  va ria tio n s  o f  {hc—h s) versus roo, from  w hich we see 
th a t fo r  s u ff ic ie n tly  sm a ll r 0o, a cu rre n t sheet fo rm s before ca ta s tro p h e  occurs. T h e  rad ius 
a t w h ich  th is  occurs is roo ~  2 X 10- 3 .
F ig u re  7-1 shows fie ld  lines (r,4,j>sin0 con tou rs ) fo r  the  e q u ilib r iu m  co n fig u ra tio n  a t the 
c r it ic a l p o in t fo r  the case o f  r 0o =  0 .01. A lth o u g h  hc is less th a n  hne in  th is  case, the 
fra c tio n a l d iffe rence {hs —h c) /h c is o n ly  1.1% . T h is  is reflected in  F ig u re  7-1 by th e  fact
th a t the  X -p o in t  lies ju s t  be low  the pho tosphere  a t 0 =  tv/ 2 .
7 .3 .4  E n e r g e t ic s
One o f  th e  im p o r ta n t aspects o f the m ode l is to  eva luate  the free m agne tic  energy s tored 
in  the  sys tem  before ca ta s tro p h e  occurs. T h e  stored m agnetic  energy o f  the  system  before 
ca ta s tro p h e  is equal to  th e  w o rk  required to  move the  flu x -ro p e  fro m  in f in ity  to  the  c r it ic a l 
p o in t. T h u s , th e  energy is g iven by
W  =  -  I  F( h ,  & ) d h + -  [  I (h,  $ )< /$ , (7.30)
Jp c Jp









F ig u re  7-3: C o m p a riso n  o f  tw o  typ e s  o f  e q u ilib r iu m  he ights, nam ely, the  c r it ic a l p o in t height 
( th e  e q u ilib r iu m  h e ig h t o f  the  flu x -ro p e  when i t  is a t th e  c r it ic a l p o in t — dashed cu rve ), and 
th e  c u rre n t sheet fo rm a tio n  h e ig h t (th e  e q u ilib r iu m  he igh t o f  th e  flu x -ro p e  w hen an X -line  
appears a t surface  o f  the  Sun — so lid  cu rve ). T h e  tw o  he igh ts  are shown as fu n c tio n s  o f 
f lu x -ro p e  rad ius  roo, and are equa l to  each o th e r  a t a ro u n d  roo =  2.5 X 10~3.
w here the  force F (h , <F) is
F(h,  * )  = 2irh—(B s — B e) c
K (p ) - E{p)
1 — P .
th e  f lu x  rope c u rre n t I  =  IqJ  is  g iven  by (7 .26 ), the  m agne tic  f lu x  $  between th e  flu x  rope 
surface and the  pho tosphere  is:
$  =  H A r -  R 0Aq (7.32)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
160
w here .4o =  A ^ (R q, t t /2 ) ,  P  is  a  pa th  o f in te g ra tio n  in  the h-cr p lane from  in f in ity  (where 
/  =  0) to  the  c r it ic a l p o in t. T he  w ork  done in  evo lv ing  fro m  one s ta te  to  ano the r is 
independent o f  th e  pa th  P  ta ken  between the  tw o  s ta tes. For s im p lic ity , we choose P  such 
th a t  d $  =  0, and th e n  the  second in te g ra l in  (7.30) vanishes.
We ca lcu la te  th e  energy o f  th e  con figu ra tio n  a t he igh t h by co m p u tin g  the w o rk  required 
to  move the flu x  rope from  in f in ity  to  h. T h is  process need n o t be ideal, so we can assume 
th a t reconnection a t any X -lin e  is so rap id  th a t no cu rre n t sheet fo rm s (see Isenberg et al. 
[1993]). The energy W  o f any  s ta te  w ith o u t a c u rre n t sheet is then  given b y  (7.30) and 
(7.31) w ith  <r held constan t. T he re fo re , de fin ing  W m as the energy a t the  c r it ic a l po in t, we 
fin d  th a t  the free energy stored in the  system  p r io r  to  e rup tion  is
W  =  J*hc^2hc[E{pc) - K ( p c) ] + ( l n ? ^ - f ) }
-  £  J ld h ' ( ' 33>
where Jc is J  a t th e  c r it ic a l p o in t, and pc — l / h c2.
T o  fa c ilita te  com parison w ith  previous studies, we also ca lcu la te  the  to ta l m agnetic 
energy o f  the system  which is defined as W t0til =  W potentiai +  W , w here W potentia, is ju s t  the 
p o te n tia l energy associated w ith  the  photospheric  fie ld  sources. A t  the  c r it ic a l p o in t:
 ^( ^ ) 2 ( ^ ) 2’ (7‘34)
where ac is a  a t th is  p o in t. F ig u re  7-4 p lo ts  W7* tal/H /'*otentU, aga ins t roo, the  flu x -ro p e  radius 
a t th e  p o in t o f  m a x im u m  c u rre n t on the  e q u ilib r iu m  curve. T he  fig u re  shows th a t  a lthough  
hh’t" tal/H /p0tentiiI increases w ith  r 0 o; i t  rem ains less th a n  1.662, th e  ra tio  fo r a fu l ly  opened
Sun-centered d ip o le  fie ld  [Aly 1984; Sturrock 1991 and Low and Sm ith  1993].










F ig u re  7-4: T h e  ra t io  o f  to ta l m agne tic  energy to  p o te n tia l m agnetic  energy a t th e  c r it ic a l 
p o in t as a fu n c tio n  o f  th e  flu x -ro p e  rad ius roo- I t  is no t know n i f  the re  are any ca tas trophe s  
fo r  roo <  2.5 x  10- 3  (dashed p o rtio n  o f  cu rve ), because th e  s ta b il ity  o f  th e  e q u ilib r ia  in  th is  
reg ion has n o t been de te rm ined . N o te  th a t  th e  stored energy is a lw ays less than th a t  o f  the  
fu l ly  opened fie ld  (h o riz o n ta l dash -do t line ).
T h e  so lid  cu rve  in  F ig u re  7-4 corresponds to  con fig u ra tio n s  o f  th e  system a t c r it ic a l 
po in ts  w ith o u t an X -lin e , and when these co n figu ra tio ns  e ru p t, they  generate  cu rre n t sheets 
w h ich  are a tta ch e d  to  the  so lar surface. B y  con tras t, th e  dashed cu rve  corresponds to  the  
co n fig u ra tio n s  c o n ta in in g  an X -lin e  p r io r  to  e ru p tio n . Such co n fig u ra tio n s  occur i f  roo is 
less th a n  ‘2.5 x  1 0 - 3 , and i f  we assume th a t  the corona l reconnection  tim e  scale is m uch 
sm a lle r th a n  the  t im e  scale fo r the  e vo lu tio n  o f the pho tospheric  f ie ld . Thus, u n lik e  the  
s itu a tio n  d u r in g  th e  e ru p tio n  o f  the  flu x -ro p e , the appearance o f  an X - lin e  d u rin g  th e  s low  
e vo lu tio n  a long  the  e q u ilib r iu m  curve  does n o t lead to  th e  fo rm a tio n  o f  a  large-scale c u rre n t 
sheet. (Ana lyses o f  reconnection  ra te  in C M E s /fla re s  by Poletto and Kopp  [1986], Lin e t al. 
[1995], and Lin  and Forbes [2000] and X -ra y  b rig h t po in ts  by Parnell et al. [1994] in d ic a te
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th a t  the  co ro n a l reconnection  tim e  scale is longer than  th e  A lfv e n  t im e  scale b u t s h o rte r  
th a n  the convective  t im e  scale fo r  th e  e v o lu tio n  o f  the  pho tospheric  fie ld .)
W hen a co n fig u ra tio n  c o n ta in in g  an X - lin e  e rup ts , a c u rre n t sheet im m e d ia te ly  appears. 
C onsequently, in  the  absence o f  any  p ra c tic a l m ethod fo r  so lv in g  o u r  e qua tio ns  w hen a 
c u rre n t sheet o f  fin ite  le n g th  is present, we ca n n o t analyze th e  id e a l-M H D  s ta b il i ty  o f  th e  
co n fig u ra tio n s  ly in g  on th e  dashed cu rve  in  F ig u re  7-4. A lth o u g h  we kn o w  e q u ilib r ia  e x is t 
a t these loca tions , we do  n o t know  w h e th e r an upw ard v e rtic a l d isp lacem en t w ill create an 
inw ard  re s to rin g  force o r  an o u tw a rd  d r iv in g  force.
F u rth e r, we notice th a t  in  th e  present m odel, because o f  th e  c u rv a tu re  o f  the  flu x  rope , 
systems w ith  f lu x  ropes o f  sm a ll rad ius  have less energy th a n  those w ith  f lu x  ropes o f  la rg e  
rad ius — behav io r w h ich is oppos ite  to  the  previous models w ith  tra n s la tio n a l s ym m e try . 
T h is  d iffe rence is due to  th e  fa c t th a t  th e  cu rva tu re  force becomes in f in ite ly  large as th e  
rad ius, ro, tends to  zero. T he re fo re , to  have e q u ilib r iu m  as ro tends to  zero , the  c u rre n t 
J  in  the f lu x -ro p e  m ust a lso tend  to  zero. H owever, as th e  c u rre n t goes to  zero, so does 
th e  free m agne tic  energy, and thus, th e  net e ffect o f  the c u rva tu re  force a t sm a ll ra d ii is to  
reduce the  a m o u n t o f  free energy s to red  in th e  system .
7.4  A sy m p to tic  B eh avior o f  T h e S ystem
I f  a cu rre n t sheet o f an a rb it ra ry  size ex is ts , the  bounda ry  value p ro b le m  fo r Poisson’s 
equation  (7.7) becomes m uch m ore d if f ic u lt .  A t  the  surface o f  the  sphere, the  b o u n d a ry  
co n d itio n  is s t i l l
A rr> a m 0a { t)s \n 9A q(R q, 9, <p) — ( ( .So)
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b u t o n  th e  c u rre n t sheet
rA $(r, 7t / 2 , <j>) =  RoA0 R 0 < r  < q, (7.36)
w here  .4o =  m.Qcr/R'q =  l^a u jc .
D u e  to  the  a d d itio n a l co m p le x ity  in troduced  by  th e  d isk -geom e try  o f  the c u rre n t sheet, 
we can  no longer o b ta in  an an a ly tica l so lu tion , a lth o u g h  a num erica l so lu tion  is possible, 
a t least, in  p rin c ip le  [Tur and Priest 1985]. However, we can inves tiga te  the a sym p to tic  
b ehav io r o f  the  system  when the c u rre n t sheet becomes very  large. T h is  case occurs when 
the  flu x -ro p e  is fa r  fro m  th e  Sun, and th e  length, q, o f  cu rre n t sheet, is much la rg e r than 
Ro- In  th is  l im it  the  Sun can be regarded as a p o in t, and the b o u n d a ry  co n d itio n  (7.35) 
can be ignored  since a t large distance th e  d ipo le  c o n tr ib u tio n  becomes neglig ib le  com pared 
to  th a t  o f  the  cu rre n t sheet. The boundary-va lue  p rob lem  now consists  o f  (7.7) w ith  J $ 
g iven in  (7.8) and the  bound a ry  c o n d itio n  on the d isk  o f  cu rre n t prescribed by (7 .36 ). The 
so lu tio n  is
( —l ) “ (2 n - l ) ! ! r y + ' ,
' *  c 2 " ( n + l ) !  r j " + j  2n+i )
oo
+  -4 2 7 1 + 1  t- 1  ( £ ) C ? 2 n - * - l  ( Z '  C )  i  0 - 3 7 )
7 1 = 0
where P  and Q  are Legendre func tions  o f  the  f irs t and  second k inds , r<  =  m in ( / i,  r), and 
r>  =  m a x (/i, r ) .  T he  variables £ and £ are the oblate spheroidal coordinates w h ich  are 
re la ted  to  (x , y, x) and ( r ,  9 , d>) as:
x  =  r  sin 9 cos o  =  q \J (1 -f- C2) ( l  ~  £2) cos 0
y  =  r s i n ^ s i n o  =  q\J{l +  C2) ( l  — £2) sin q>
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z =  r cos 9 =  q££, (7 .38)
w ith  0 <  £ <  oo and | £ |<  1. Here q is the  rad ius o f  the  d isk  (o r c u rre n t sheet) and
.42 n + l =  ( - 1 ) "
471 +  3
[n +  1 ) ( 2 ti +  1 )
AqRq (2n) i! 
irq (2n +  1 ) !!
i a  i r 2) l / 2 2^n ~  ^ " O 1 (i n
+  c ( 1  +  C o )  ( 2 «  +  2 ) 1 !  n +  .
(7 .39)
w ith  (,o =  \ / { h /q )2 — 1 . C onsequently, the  m agnetic  field co n fig u ra tio n  is g iven by 7-sin 9A$  =  
const, as show n in F igu re  7-5, w h ich corresponds to  the l im it  o f  the  open s ta te  o f  the  system . 
B y  ta k in g  the  c u r l o f  (7.37) and eva lua ting  a t 9 =  ~/2,  we o b ta in  the  fie ld  in  the e qua to ria l 
p lane, namely.
Br =  0
s .  =  M r )  +  - {  1 +  c ,
+  t x / ' + C o H
2  f  AoBo 1 
?C
4k +  3
£ S ( *+ i ) (2 &  +  i)
(2* +  !)»'
(2*)!! Q 2fe+l(z 'Co)<?2A.-+l(* -C) f  (7-40)
fo r  r > q. where
M r )  =  - r
4 /
ch
- E ( J ) / [ l - ( j r ) 2 ]  i f  r  <  ft
l { £ ( j ) / [ 1 - ( ‘ ) 2 ] - A + ) }  i f r > A ,
and C =  \ /{ r / (f ) 2 ~  1- N o te  th a t  the  m agnetic  fie ld goes to  in f in ity  a t th e  t ip  o f  the c u rre n t 
sheet, 7- =  <7 o r  C =  0 in  (7 .40), unless the  fo llo w in g  cond ition  is sa tis fied :
-4 ° ^ °  _  1 / j  | r i  t - 1 ) (4fc +  3) ( 2 f c + l ) ! !  !
~q c ' ^ Q{ k + l ) ( 2 k + l )  (2k)V. ^ 2k+ ^
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F ig u re  7-5: A s y m p to t ic  m agne tic  fie ld  co n fig u ra tio n  in a m e rid io n a l plane ( r A ^ s in f l  con­
to u rs ) when th e  c u rre n t sheet leng th  is much la rg e r than  a so la r rad ius. T h e  case shown 
is fo r  r 0o =  0 .0 1 , and fie ld  lines near the axis o f  th e  flu x -ro p e  (ind ica ted  by  do ts) are n o t 
d ra w n .
I  2s
(7.41)
C V ' l  — S 2 ’
w here s =  q /h .  T h is  c o n d it io n  forces B$ to  van ish  a t the  t ip  o f  c u rre n t sheet and form  a 
Y -p o in t there  as shown in  F ig u re  7-5 in  o rder to  keep the w ho le  c u rre n t sheet in  a force-free 
s ta te .
A lso  note th a t  the  f ir s t  te rm  on the  r ig h t-h a n d  side o f  (7 .37 ) o r (7.40) is due to  the  
flu x -ro p e  alone, and th a t  s u b tra c tin g  th is  te rm  s im p ly  gives th e  e x te rn a l fie ld  B e:
21 f  2 s 2 
M o  ( V i  — s2
+  ^  +  ^  £  ( f c + l ) ( 2 f c + l )  [  (2k)V. ^ 2k+l ^  ' & ) }
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w here  (7 .41) has been used. T h e  balance between B e and B s g iven b y  (7.16) y ie lds th e  
g lo b a l e q u ilib r iu m , and th e  re la tio n  o f  ro to  J  in  (7 .23 ) s t i l l  applies, since as h tends to  
in f in ity ,  rQ/ h  goes to  a co n s ta n t which is much sm a lle r th a n  un ity . T h is  co n s ta n t is a round  
0 .007 fo r  th e  case o f  roo =  0.01. Thus, we have
2s3 , i 1 +  s
  » “  2s +  ln 1------1 — 1 — s
1 S Jh  !I n ------------ 1.
coo
(7.42)
T h e n , us ing the  fro ze n -flu x  cond ition  a t th e  surface  o f  flu x -ro p e  leads to :
h0A °R =  h A R
, \ 1 ,  8'Jh sAoRo —\ (  & \  I  f,  1  4 ~  s  ,  \=  2 / i  I - I n  4  — tan  1 .  I n --------------- 2 s
Lc r00 7T? \ y / l  -  S 2  J C \  1 - S  J . , (7.43)
w here  b o th  the  co ns tan ts  ho and A°R are th e  same as before . Using (7.41) and (7.42) to  
e lim in a te  AaRo/Tcq and th e  lo g a rith m ic  te rm  in  (7 .43 ), respective ly, g ives
A°Rh0 =  2Jh
2s3 2s2
1 H “h —, — ta n
1 -  s  y / l  -  S 2
(7.44)
S u b s t itu t in g  ( t .44) and .4q =  Iocru/cinto  (7 .41), we f in d
a  = TTSi A°Rho 
uy/ 1 — s 2
2s3 2s2
1 4-   o 4~1 - s *  / f T T ta n ' ■ ' ( V T 7 )
- 1
(7.45)
E q u a tio n s  (7.42) and (7.44) determ ine s and J h  u n iq u e ly  fo r  a g iven roo, reducing s and 
Jh  to  cons tan ts . T h u s , acco rd ing  to  (7.45), a  is also a  c o n s ta n t. P lo t t in g  h versus a  g ives
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th e  v e rtic a l line  in  F ig u re  7-2, w h ich  is the l im it  o f  th e  open fie ld  s ta te  a t a  =  0.741 fo r 
roo =  0.01. There fo re , an open fie ld  co n fig u ra tio n  can be reached by reducing th e  a ttra c tiv e  
force o f  th e  Sun’s d ip o le  fie ld below th is  c r it ic a l va lue . T h is  b ehav io r is analogous to  th a t 
found by  M ikic and Linker [1994] fo r  the  open ing  o f  an arcade system  when th e  shear 
a t the  fo o tp o in ts  exceeds a p a r t ic u la r  value. D ue  to  the  lack o f  a general s o lu tio n  fo r 
the  co n fig u ra tio n  w ith  a curren t sheet o f  a rb itra ry  size, the  com p le te  h-a re la tio n  rem ains 
unknow n (T he  dashed curve in F ig u re  7-2 is a h y p o th e tic a l s o lu tio n ).
F o r any value o f  a  greater th a n  th e  value g iv in g  an open fie ld , the force a t in f in ity  
in the  a sym p to tic  so lu tion  is a lw ays dow nw ard . T h is  im plies th a t  a loss o f  id e a l-M H D  
e q u ilib r iu m  can never create an open fie ld  (a t least in  th e  sm all rad ius  a p p ro x im a tio n ), and 
th is  resu lt holds tru e  fo r any pho tospheric  boundary  co n d itio n  since the  a sym p to tic  so lu tion  
is independent o f  the  fo rm  o f the  pho tospheric  fie ld .
7.5 C onclusions
O u r in ve s tig a tio n  shows th a t the e ffect o f  large scale cu rva tu re  in  flu x -ro p e  models o f  coronal 
mass e jections is to  reverse the re la tio n  between th e  rad ius  o f  th e  flu x  rope and the  to ta l 
a m oun t o f  stored m agnetic  energy. In the  previous tw o -d im ens ion a l models w ith  in fin ite ly  
long, s tra ig h t f lu x  ropes, the energy decreases w ith  increasing rad ius. However, fo r  the 
f in ite  leng th , curved f lu x  rope discussed in  th is  chap te r, the  s tored energy a t f irs t  increases, 
b u t then  decreases. T h is  change in  behavio r is caused by  the fa c t th a t  the  c u rva tu re  force 
becomes in f in ite  as th e  radius tends to  zero, and e q u ilib r iu m  ca n n o t be sustained unless the 
flu x -ro p e  c u rre n t is reduced as the  rad ius  decreases. T h e  resu lt o f  reducing th e  c u rre n t is 
to  low er th e  m agnetic  energy s tored in  the  co n fig u ra tio n .
T h e  change in  the  func tiona l behav io r w ith  rad ius  has im p o r ta n t consequences fo r  the
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c o n d itio n s  required to  tr ig g e r  an e ru p tio n . In  bo th  s tra ig h t and cu rve d  flu x -ro p e  models, 
e ru p tio n  does no t o ccu r unless th e  sto red  energy exceeds a th re sh o ld  value. A lth o u g h  we 
are n o t able to  de te rm in e  th e  exact value o f  the th resho ld  energy fo r  th e  curved f lu x  rope 
case, we are able to  show  th a t  i t  is less th a n  1.53 tim es  the  co ro n a l p o te n tia l e ne rgy  and 
th a t  e ru p tio n  s t il l occurs fo r  any rad ius  g rea te r than  2.5 x  10- 3  so la r ra d ii.  T he re fo re , when 
c u rva tu re  is im p o rta n t, co n fig u ra tio n s  w ith  large f lu x  ropes are m ore  like ly  to  p roduce  an 
energetic  e rup tion  th a n  co n fig u ra tio n  w ith  sm all ones.
F o r th e  specific case o f a Sun-centered d ipo le , th e  ra t io  o f  the  to ta l  m agnetic ene rgy  to  
the  p o te n tia l m agnetic  energy (M''tota, /W poteiItiaI) never exceeds 1.53. S ince th is  va lu e  is less 
th a n  the  ra tio  1.662 fo r  the  open fie ld , a  loss o f e q u ilib r iu m  canno t fu l ly  open th e  fie ld  to  
in f in ity .  T h is  resu lt suggests th a t  even the models w h ich  have some fie ld  lines d isconnected  
fro m  the  boundary m ay  s t i l l  be su b je c t to  the re s tr ic tio n s  discussed by Aly  [1991] and 
Sturrock [1991]. T he  m a in  consequence o f  a loss o f e q u ilib r iu m  is th a t  i t  creates a  c u rre n t 
sheet where rap id  reconnection  can take  place. W ith  ra p id  reconnection  i t  is possib le  fo r 
th e  f lu x -ro p e  to  escape to  in f in ity  and fo r a ll o f  the  m agnetic  ene rgy  stored in th e  co rona  
to  be released [Lin and  Forbes 2000].
In  a d d it io n  to  th e  specific  case o f  a Sun-centered d ipo le , we have a lso analyzed e q u ilib r ia  
w ith  a c u rre n t sheet in  th e  l im it  th a t  the  f lu x  rope is fa r  from  th e  Sun. T h is  a s y m p to tic  
analysis, w h ich  is v a lid  fo r q u ite  general bounda ry  co n d itio n s , shows e x p lic it ly  th a t  a t  large 
d is tance  the  a ttra c t iv e  force o f  the  c u rre n t sheet g row s more ra p id ly  than  the  repu ls ive  
fo rce caused by the c u rv a tu re  o f  the  f lu x  rope. Thus, fo r  any b o u n d a ry  cond itions  w ith  o u r 
geom etry , a loss o f  id e a l-M H D  e q u ilib r iu m  never causes the  fie ld to  become fu lly  opened. 
However, as the s tre n g th  o f  the  n o rm a l fie ld  a t the b o u n d a ry  decreases, the  c o n fig u ra tio n  
approaches the  open s ta te  w ith o u t ever experiencing a loss o f e q u ilib r iu m , and sm a ll changes
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
169
in  th e  pho tospheric  fie ld  s tre n g th  produce laxge changes in  th e  e q u ilib r iu m  h e ig h t (see F igu re  
7 -2 ). T h is  b e h a v io r suggests th a t  even i f  no loss o f  id e a l-M H D  e q u ilib r iu m  occurs, some 
ty p e  o f  e ru p tive  b e h a v io r in v o lv in g  reconnection  is lik e ly  as th e  p ho tosp he ric  fie ld  weakens.
Several im p o r ta n t issues s t i l l  rem a in  to  be inves tiga te d  be fore  th e  usefulness o f  the flu x - 
rope  m odels can be s a tis fa c to r ily  de te rm ined . F ir s t  o f  a ll, th e re  is the  unknow n  effect o f  
an ch o rin g  the ends o f  the  f lu x  rope  in  the  photosphere . A lth o u g h  ancho ring  th e  ends m igh t 
m ake an e ru p tio n  m ore d if f ic u lt ,  i t  is no t c lear th a t  i t  w ou ld  p re ve n t a loss o f  e q u ilib r iu m  
fro m  occu rring . Second, the re  is the  question o f  how  the  tw o -d im e n s io n a l e q u ilib r ia  w ill be 
affected by the k in k  in s ta b ility . Such in s ta b ilit ie s  are in h e re n tly  th re e -d im e n s io n a l and w ill 
a lw ays occur, even when a ll th e  fie ld  lines are anchored to  th e  s o la r surface, i f  th e  flu x -rope  
is s u ffic ie n tly  tw is te d  [Hood 1990]. F in a lly , there  shou ld  be a s m o o th  co n tin u u m  o f  so lu tions 
between flu x -ro p e  and arcade m odels since an arcade is e q u iva le n t to  a f lu x -ro p e  w ith  its  
to ro id a l axis be low  the  surface o f  th e  Sun. C u rre n t observa tions  suggest th a t  i f  f lu x  ropes 
do e x is t p r io r to  e ru p tio n  o f  C M E s , th e y  are nested w ith  an ex tens ive  arcade system  from  
w h ich  th e y  are n o t easily  d is tingu ish ed  [Koutchm y  1997], A l l  o f  these issues w il l  be d iff ic u lt 
to  resolve unless progress can be m ade in  deve lop ing  th ree -d im ens io na l m odels.
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Chapter 8 
Summary
T h is  thesis presents fo u r  closely related m odels fo r  so la r e ru p tio n s  th a t  emphasize d iffe re n t 
aspects o f  the  phenom ena. A l l  the  m odels are based on the  idea th a t e ru p tio n s  are produced 
when a m agne tic  f lu x  rope in  the so la r co rona  loses its  e q u ilib r iu m . T h e  firs t tw o  m odels 
(C hap te rs  4 and 5) address the  effect o f  reconnection on th e  e ru p tio n , w h ile  the las t tw o  
m odels (C hap te rs  6  and 7) address the e ffects o f  em erg ing f lu x  and the  la rge scale cu rva tu re  
o f  the  f lu x  rope.
O u r th e o re tica l w o rk  in  th is  thesis has its  o r ig in  in  th e  c irc u it th e o ry  o f e rup tions  f irs t  
proposed by Van Tend and Kuperus [1978] and Van Tend  [1979], and la te r extended by 
Kaastra [1985], M olodenskii and Filippov [1987], and M artens and K uin  [1989]. However, 
fo llo w in g  th e  ea rlie r w o rk  o f  Forbes and  Isenberg [1991], and Isenberg et al. [1993], we 
have e ith e r e lim in a te d  th e  c irc u it as p a rts  o f  those m odels o r replaced them by M H D  
princ ip les. T h is  is desired since the c irc u it  concept o ften  prov ided  h ig h ly  m isleading resu lts  
when app lied  to  plasm as. As in  the p rev ious models, o u r  models here have a f lu x  rope 
w h ich  is nested w ith in  an arcade o f m a gne tic  loops. P r io r  to  an e ru p tio n , the f lu x  rope 
floa ts in  the  co rona  unde r the  balance betw een m agnetic  com pression and m agnetic tension 
forces, b u t a fte r  an e ru p tio n  occurs, m agne tic  com pression drives th e  f lu x  rope upw ard . 
T he  com pression occurs in  the  fie ld between th e  f lu x  rope and the surface, and i f  th e  f lu x  
rope is cu rved , i t  also occurs a t the in te rn a l edge o f the f lu x  rope w here the po lo ida l fie ld
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is pinched by  th e  cu rva tu re .
W ith in  th e  fram ew ork  o f  th e  ca tas trophe  theo ry  developed by Thom  [1972], we have in ­
vestigated th e  effects o f  m agne tic  reconnection , new em erg ing  f lu x  and large-scale c u rva tu re  
on the e vo lu tio n , and energetics o f  the  f lu x  rope before and a fte r  the  loss o f  id e a l-M H D  equ i­
lib r iu m . W h a t we have learned abou t each o f  these aspects is sum m arized  in  the  fo llo w in g  
sections.
8.1 M agnetic R econ n ection
We s ta rted  by re -inves tiga tin g  the  m odel o f  Forbes and Isenberg [1991]. T h e y  used a tw o - 
d im ensiona l d ip o le  to  describe the  pho tospheric  fie ld in  th e  absence o f  th e  flu x  rope, b u t 
when the  f lu x  rope is added i t  is possible fo r  an X -lin e  to  appear in  th e  p re -e rup tive  s ta te . 
Forbes and Isenberg [1991] assumed th a t no reconnection occurred  in  th e  p re -e rup tive  s ta te , 
so th a t when an X -line  appears a t the boundary , i t  im m e d ia te ly  led to  the  fo rm a tio n  o f  a 
c u rre n t sheet. However, the  assum ption  th a t  no reconnection occurs p r io r  to  e ru p tio n  is n o t 
th o u g h t any m ore to  be a p p ro p ria te  fo r th e  corona since a va rie ty  o f  observa tions in d ica te  
th a t  the reconnection tim e  scale is sh o rt com pared to  th e  photospheric  t im e  scale.
In ou r w o rk  here, we have re-exam ined how th e ir  m ode l w orks when th e  assum ption  
is made th a t the  reconnection ra te  is m uch fas te r than  th e  ra te  a t w h ich  the  photosphere 
evolves. A lth o u g h  much o f  th e  behavio r is th e  same as before, the m ost rem arkab le  d ifference 
is th a t  there  is no longer a c r it ic a l rad ius needed fo r an e ru p tio n  to  occu r. In  the  o r ig in a l 
m odel o f Forbes and Isenberg [1991], there  was always a sm a ll cu rre n t sheet p r io r  to  the  loss 
o f  e q u ilib r iu m , b u t in o u r m ode l there  is no such cu rre n t sheet b u t o n ly  an X -lin e . Because 
o f  the  absence o f  th is  c u rre n t sheet, the fie ld  line  tension associated w ith  th e  cu rre n t sheet 
is e lim ina ted , so the  system  behaves in it ia l ly  ju s t  as in th e  o r ig in a l Van Tend and Kuperus
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and M artens and K uin  m odels. There fo re , w hen the  reconnection ra te  is faster th a n  the 
pho tosp he ric  e v o lu tio n a ry  ra te , we do  no t need to  w o rry  abo u t th e  c r it ic a l rad ius as none 
exis ts . T h u s , in  co n tra s t to  th e  o r ig in a l conclusions o f  Forbes and Isenberg  [19911, we now 
fin d  th a t e ru p tiv e  behav io r can occu r w ith  the d ipo le  bounda ry  c o n d it io n  fo r  qu ite  p laus ib le  
values o f  th e  f lu x  rope rad ius.
As soon as th e  c a ta s tro p h ic  loss o f  e q u ilib r iu m  occurs in  any o f  th e  f lu x  rope m odels, the 
system  evolves d y n a m ic a lly  a t the  A lfve n  tim e  scale. T he  e vo lu tio n  is consequently  so fast 
th a t  a long  cu rre n t sheet q u ic k ly  fo rm s before reconnection can d iss ipa te  i t .  The  associated 
m agne tic  tens ion  becomes s tro n g  enough to  prevent the  f lu x  rope fro m  escaping, so in  ou r 
tw o -d im e n s io n a l models, m agne tic  reconnection is essential fo r escape.
U sing  a se lf-cons is ten t procedure  fo r  coup ling  the  e ru p tio n  d yn a m ics  to  the reconnec­
tio n  process, we have de te rm ined  th a t  qu ite  sm a ll rates o f  reconnection  are s u ffic ie n t to  
m ake escape possible. Specifica lly , fo r  an A lfve n  M ach num ber, M A >  0.005, in  th e  in ­
flo w  o f  reconnection  reg ion, q u ite  reasonable tra je c to r ie s  are o b ta in e d . Since th e  values 
o f  M a in fe rred  fro m  observa tions are greater th a n  th is  value, o u r resu lts  show th a t  the  
tw o -d im e n s io n a l f lu x  rope m odel y ie lds  results w h ich  are cons is ten t w ith  th e  observations.
O n th e  o th e r hand, because the  tim e  scale o f  m agnetic  reconnection  is much longer th a n  
th e  A lfv e n  t im e  scale, an extensive  cu rre n t sheet s t i l l  fo rm s a fte r the  ca ta s tro p h e  even when 
M a is o f  o rd e r u n ity . O n ly  d u r in g  th e  la te  phase several hours a fte r  onse t, does the  c u rre n t 
sheet s ta r t  to  sho rten . F o r values o f  M A less th a n  un ity , the  low er t ip  o f  the  c u rre n t sheet 
rises ve ry  s lo w ly  d u r in g  the  e a rly  phase a fte r onset, w h ile  the  upper t ip  rises very q u ic k ly  a t 
near the  sam e speed as the  f lu x  rope itse lf. Thus, the  fie ld becomes h ig h ly  extended before 
a su b s ta n tia l a m o u n t o f  reconnection  has occurred. T h is  behavio r is cons is ten t w ith  th a t  
observed by th e  L A S C O  co ronagraph  on SOHO. T he  best f i t  to  obse rva tions  is o b ta in e d  by
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ta k in g  M A ss 0 . 1 , w ith  w h ich  the  energy o u tp u t matches th e  te m p o ra l b e h a v io r in fe rred  fo r 
th e  long  d u ra t io n  events o fte n  associated w ith  C M E s and o th e r  m a jo r e ru p tio n s . T here  is a 
re la tio n  between th e  o u tp u t pow er o f  the  e ru p tio n  and the  g ro w th  and decay o f  th e  cu rre n t 
shee t. T he  q u ic k  d ro p  o f  o u tp u t pow er a t th e  end o f  the  im p u ls ive  phase is re la ted  to  the  
deve lopm ent o f  a long  c u rre n t sheet, w h ile  th e  long life  t im e  o f  the  la te  phase is re la ted to  
th e  extended t im e  i t  takes fo r  reconnection to  conve rt the free energy le ft in  th e  system .
T h e  m odel also p rov ided  an e xp la n a tio n  fo r  the  pecu lia r m o tio n  o f  g ia n t X -ra y  arches 
re p o rte d  by Svestka et al. [1995 and 1997]. These g ia n t arches are s im ila r  in  fo rm  to  
"p o s t” -fla re  loops, b u t are associated w ith  C M E s  and have an upw ard  m o tio n  p a tte rn  th a t 
is d iffe re n t th a n  th a t  o f  “ pos t” - fla re  loops. T h e  m odel p re d ic ts  th a t  a t lo w e r a ltitu d e s  o f 
up o s t” -fla re  loops, th e  rise o f  th e  loops should c o n tin u a lly  s low  w ith  tim e , and  th a t  a t h igher 
a lt itu d e  o f  g ia n t arches, the rise ra te  o f  the  arches should increase w ith  t im e . T h e  tra n s it io n  
between the  tw o  d iffe re n t p a tte rn s  o f  m o tio n  happens when th e  n e u tra l p o in t reaches the 
a lt itu d e  where th e  loca l A lfv e n  speed s ta rts  to  increase w ith  he igh t due to  th e  fa ll o f f  in  
co ro n a l p lasm a density .
8 .2  N ew ly  E m erging F lux
A s one o f th e  m o s t im p o r ta n t processes o f  tra n s p o rt in g  energy in to  the  co ro n a l fie ld , the  
em ergence o f  new  m agnetic  f lu x  fro m  below  th e  photosphere plays an essentia l role in 
e v o lv in g  co rona l m agne tic  s tru c tu re s  and in  tr ig g e r in g  e ru p tio n s . W e used a  s im p le  model 
to  inves tiga te  how  an e x is tin g  m agne tic  co n fig u ra tio n  c o n ta in in g  a f lu x  rope  changes in 
response to  n e w ly  em erg ing flu x , and we looked fo r a s im ple  possible re la tio n  between the  
e ru p tio n  and th e  o r ie n ta tio n  o f  th e  new em erg ing  f lu x  region re la tive  to  a p re -e x is tin g  flu x  
reg ion , b u t we d id  n o t fin d  such a re la tion .
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T he  emergence o f  new f lu x  was modeled by va ry in g  va rious  param eters w hich cha rac­
terize  the new em erg ing  f lu x  reg ion. We found  th a t i t  is possib le to  crea te  an im ba lance 
to  cause the f lu x  rope to  be e jected upw ard . A lto g e th e r, th e re  are fo u r free param eters to  
prescribe the  b o u n d a ry  c o n d it io n  (s treng ths  o f  o ld  and new f lu x  systems, and h o rizo n ta l 
and ve rtica l lo ca tio n s  o f new f lu x ) ,  and one free param ete r to  prescribe th e  flu x  rope (i.e . 
its  rad ius). T h is  la rge  o f n u m b e r o f  free param eters  yielded a m u lti-d im e n s io n a l e q u ilib r iu m  
surface w ith  com p lex  geom e try  and num erous d iffe ren t scenarios which one cou ld  c o n s tru c t 
to  have an e ru p tio n . There fo re , i t  is a lm ost im poss ib le  to  e x tra c t a sim ple ru le  fo r p re d ic tin g  
w h a t types o f  em erg ing  f lu x  w o u ld  produce an e ru p tio n .
So, the s im p le  p ic tu re  th a t  new flu x  w ith  an o r ie n ta tio n  favorable fo r  reconnection 
w ill tr igge r an e ru p tio n  by th e  so-called te th e r-c u tt in g  (see Canfield et al. [1994]) o f  the  
fie ld lines o ve rly in g  the f lu x  rope is in su ffic ien t to  describe th e  behavior we observed. F o r 
a g iven co n fig u ra tio n , a loss o f  e q u ilib r iu m  does not necessarily occur ju s t  because o f  a 
decrease in the  m agnetic  tens ion  o r an increase in  the m agne tic  com pression. O n ly  a t 
special locations, nam ely c r it ic a l points, can force balance be lost and ca tas trophe  ta ke  
place, b u t these loca tion  are d if f ic u lt  to  de te rm ine  by on ly  us ing  a sim ple ca rtoon  p ic tu re . 
M agne tic  reconnection  alone is n o t guaranteed to  d rive  the  system  to  one o f  these c r it ic a l 
po in ts.
8.3 Large-Scale C urvature
To construc t a  m ore  rea lis tic  m odel o f C M E s , we in tro d u ce d  the  large scale cu rva tu re , 
w h ich any re a lis tic  f lu x  rope m ust have. T o  do th is , we replaced the  f la t  so lar surface 
and an in f in ite ly  long  c y lin d r ic a l f lu x  rope o f  the  previous m odels w ith  a spherical so la r 
surface and a c irc u la r  flu x  rope  around the  Sun. A lth o u g h  th is  model is s t i l l  g e o m e trica lly
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ove rs im p lified  com pared  to  real C M E s, i t  con ta ins  tw o  im p o r ta n t  im provem ents ove r the  o ld  
tw o -d im ens ion a l m odels. F irs t ,  i t  includes th e  c u rv a tu re  fo rce  th a t  is a lm ost c e rta in  to  be 
im p o r ta n t fo r d r iv in g  th e  C M E  o u tw a rd  fro m  th e  Sun, and  second, th e  to ta l energy stored 
in  th e  system  is f in ite  ins tead  o f  in fin ite  as in  th e  tw o -d im e n s io n a l models w ith  tra n s la tio n a l 
sym m e try . As expected , we found the large-scale cu rva tu re  does indeed help p rope l the  flu x  
rope o u tw a rd  fro m  th e  Sun.
T he  fin ite  scale o f  th e  curved con figu ra tio n  a llow s us to  ca lcu la te  th e  to ta l energy stored 
in  th e  system  p r io r  to  e ru p tio n . In o u r specific case o f  a  S un-cen te red  d ipole, th e  ra tio  o f  
the  to ta l m agne tic  energy  to  the  po ten tia l m agne tic  energy does n o t exceed 1.53 w hich is 
less th a n  th e  value o f  1.662 fo r  the  open fie ld . T h u s , the  loss o f  id e a l-M H D  e q u ilib r iu m  does 
no t fu l ly  open the  fie ld  to  in f in ity , even tho u g h  the  m odel has some fie ld  lines d isconnected 
fro m  the b o u n d a ry  and is, therefore, no t su b je c t to  the  A ly -S tu r ro c k  c o n s tra in t. As in  
the  C artes ian  case, th e  m a in  consequence o f  a loss o f  id e a l-M H D  e q u ilib r iu m  is to  create 
a c u rre n t sheet w here ra p id  reconnection can occu r so th a t  th e  f lu x  rope can escape in to  
in te rp la n e ta ry  space.
W e also show, using  an asym p to tic  analysis, th a t  when th e  f lu x  rope is ve ry  fa r  from  the  
Sun, the  a t t ra c t iv e  fo rce  o f  the  cu rren t sheet grow s m ore ra p id ly  th a n  the repu ls ive  force 
caused by the c u rv a tu re  o f  the  flu x  rope. T h u s  an id e a l-M H D  loss o f  e q u ilib r iu m  never 
causes the  fie ld to  fu l ly  open up.
8 .4  C onclusions
T h is  thesis has co ncen tra te d  on a n a ly tic  models o f  so la r e ru p tio n s  based on th e  m agnetic  
co n fig u ra tio n  o f  a  c u rre n t c a rry in g  flu x  rope nested w ith in  an a rcade o f  m agnetic loops. T he  
e vo lu tio n  o f  these m odels is based on fu ndam en ta l ch a ra c te r is tic s  o f  the  solar co rona, such
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as fo rce-free  and frozen-in  cond ition s , and  th e  photosphere , such as m agne tic  lin e -ty in g . B y  
focus ing  on  th e  key fac to rs  o f  th e  system , o u r  m odels h ig h lig h t the  m os t essential fea tu res 
o f  th e  sys tem .
O u r a n a ly t ic  models a llo w  us to  in ve s tig a te  th o ro u g h ly  the  response o f  the  system  to  the  
v a r ia tio n  o f  th e  param eters w h ich  spec ify  th e  backg round  co n d itio n , and they  also p rov ide  
us w ith  precise in fo rm a tio n , such as th e  loca tions o f  c r it ic a l po in ts  and how to  evo lve the  
b o u n d a ry  c o n d it io n  so as to  reach these po in ts . T h u s , o u r a n a ly tica l so lu tions  p rov ide  
in fo rm a tio n  th a t  is d if f ic u lt  to  e x tra c t fro m  num erica l s im u la tio n s . S ince a n a ly tic  so lu tio n s  
also a llo w  us to  fo llow  th e  evo lu tion  process as lo n g  as we w an t, we have been ab le  to  
ca lcu la te  fo r  th e  f irs t t im e  fro m  a specific  model, th e  lo n g -te rm  behav io r o f  the  e ru p tio n . 
S pecifica lly , we have de te rm ined  the p o s itio n  o f  the  f lu x  rope, the  m agne tic  o u tp u t pow er, 
the  leng th  o f  c u rre n t sheet, and the e le c tr ica l fie ld a t  th e  reconnecting  c u rre n t sheet as 
fu n c tio n s  o f  tim e .
O u r a n a ly t ic  m odel o f  th e  effect o f  em erg ing  f lu x  on  flu x -rope  e q u ilib r iu m  has estab­
lished th a t  th e  e ru p tio n  behav io r is p o te n t ia lly  fa r m ore  com p lex  than  p rev ious ly  supposed. 
A lth o u g h  num erica l s im u la tio n s  o f  em erg ing  f lu x  have been ca rried  o u t to  look fo r  e ru p tiv e  
behavio r, none o f  them  has been able to  o b ta in  e ru p tiv e  behavio r w ith o u t in tro d u c in g  an 
a r t i f ic ia l ly  ra p id  change in  th e  system (e.g. e ith e r im p u ls iv e ly  d r iv in g  the  bounda ry  co n d i­
tio n s  o r a r b i t r a r i ly  increasing the  re s is t iv ity ) .  T h is  m a y  be due, in  p a r t, to  the  fa c t th a t  
th e  s im u la tio n s  have lacked guidance as to  how  to  v a ry  th e  bound a ry  cond ition s  p rope rly . 
O u r  new a n a ly t ic a l m odels suggest severa l ways to  se t up  the  b o und a ry  cond itions  in  the  
s im u la tio n s  so as to  o b ta in  e ru p tiv e  b ehav io r.
So fa r, w'e have on ly  discussed w h a t o u r  models and a n a ly tic  so lu tio n  can do. H owever, 
we w ill n o t end th is  thesis w ith o u t  m e n tio n in g  several im p o r ta n t issues th a t  s t il l rem a in  to
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be investiga ted .
F irs t o f  a ll,  the  f lu x  rope in  a ll o f  o u r  m odels is detached from  the  boundary, so th e  
e ffect o f ancho ring  the  ends o f  the  f lu x  rope  in  the  photosphere remains unknow n . A lth o u g h  
anchoring  th e  ends m igh t make an e ru p tio n  m ore d iff ic u lt,  i t  seems u n lik e ly  th a t i t  w ou ld  
prevent a loss o f  e q u ilib r iu m  fro m  o ccu rrin g .
Second, th e re  is a question  o f  how th e  e q u ilib r ia  are affected by the  k in k  in s ta b ility . 
Such in s ta b ilit ie s  are in h e re n tly  th ree -d im ens iona l and can occur, even when the ends o f  
f lu x  rope are anchored to  th e  so lar surface, i f  the  flu x  rope is su ffic ien tly  tw is ted  [Hood 
1990]. Recently, Titov and Demoulin [1999] analyzed a specia l case o f  a c irc u la r  f lu x  rope 
w h ich  is im bedded in a lin e -ty in g  surface. T h e y  considered th e  s ta b ility  and argued th a t  
th is  co n fig u ra tio n  would become unstab le  i f  th e  m a jo r rad ius o f  the c irc u la r f lu x  rope was 
la rge enough. A lth o u g h  th e y  d id  no t p rove th is  rigo rous ly  because they neglected the  effects 
o f  lin e -ty in g , th e y  could estab lish  th a t th e  co n fig u ra tio n  had e q u ilib r iu m  p roperties  s im ila r  
to  the  com p le te ly  sym m etric  c o n fig u ra tio n  o f  Lin et al. [1998].
T h ird , th e re  should be a sm oo th  c o n tin u u m  o f  so lu tions between f lu x  rope and arcade 
m odels since an arcade is equ iva len t to  a  f lu x  rope w ith  its  to ro id a l axis be low  the surface 
o f  th e  Sun. C u rre n t observations suggested th a t  i f  f lu x  ropes do exist p r io r  to  e ru p tio n  o f  
C M E s, they are  nested w ith  an extensive arcade system  from  which they are no t easily d is ­
tingu ished [Koutchm y  1997]. A  couple o f  recent num erica l experim ents have also con firm ed  
th a t  i f  the to ro id a l axis o f  a f lu x  rope lies beneath the photospheric  surface, then the  p a r t 
o f  the  rope v is ib le  in the co rona  m atches th e  arcades th a t are ac tua lly  observed [Magara 
"2001; and Fan 2001].
F ou rth , a lth o u g h  we have a lready in ves tiga te d  the  im p o rta n ce  o f m agne tic  reconnection 
to  the  e ru p tive  phenomena, the re  is s t il l m uch th a t  rem ains to  be dete rm ined . For exam ple,
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w h a t is th e  ac tu a l dynam ics o f  the  reconnection process in  th e  cu rre n t sheet d u rin g  an 
e ru p tio n , especia lly w ith in  th e  f irs t  hours a fte r  onset when, as o u r m o d e l pred icts, the  
leng th  o f  c u rre n t sheet increases a t alm ost th e  A lfve n  speed.
F in a lly , a g rea t deal o f  w o rk  is needed to  de te rm ine  the  effects o f  shocks, reconnection 
hea ting , and the  so la r w ind  on th e  e rup tive  process. H opefu lly , more re a lis tic  models which 
inc lude  these effects w il l  be developed by the so la r research co m m u n ity  in  th e  near fu tu re .
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A p p en d ix  A
Complex Notation for A { x ,  y )
T h e  f lu x  fu n c tio n  -4 (x , y) in  equa tion  (5.2) is the  rea l p a rt o f the  com p lex f lu x  fu n c tio n  
•4 (x ) as
+  2  J  In K s ( v ) d v  , ( A . l )
w here A ’s(i?) is g iven  by (5.5) o r, equ iva le n tly
A (h 2 +  A2) y/{v2 -  p2){q2 -  v 2)
A 's ( r )  = ^ ( A 2 + p 2 )(A2 +  9 2 )(/l 2 _  {>2) (A 2 +  V 2 ) p  < u < q. (A -2)
Here, th e  Y -p o in t co n d itio n s  [(5 .7 ), (5 .8 ), and (5 .9 )] a t  bo th  tip s  o f  th e  c u rre n t sheet have 
been used to  deduce (A .2 ).
In  p rin c ip le , th e  co m p le x  f lu x  fu n c tio n  A(z )  can be ob ta ined  by s u b s titu t in g  A *s(u) in to  
( A . l )  and co m p le tin g  th e  in te g ra l, b u t the  algebra is ra th e r le n g th . Instead, we use the  
genera l re la tio n  between A{z )  and B(z) ,  nam ely
=  - M i l (A .3 )
to  c a lcu la te  B(z)  f ir s t ,  and then  in te g ra te  B(z)  over x to  o b ta in  A ( x ) .




C  N/ ( z 2 + p 2 ) ( r 2 +  9 2 )
A v / (A 2 +  P2 ) (A 2 +  g2)
2 J  /i —f— A —f— Pq —
2 Jh  v / ( / i2 -  p2)(h2 -  q2) 
z 2 +  h 2
z 2 — A2
T h is  expression can be fu r th e r  s im p lifie d  by using th e  Y -p o in t c o n d itio n s  (5 . / ) ,  (5 .8 ), and 
(5.9) to  o b ta in
B(z)  = 2 / 0* \ ( h 2 +  \ 2)^/{z2 +  p 2) ( z2 + q2)
c v /(A 2 +  p2) (A2 +  q2){z2 -  A2 ) (z2 +  h2) ' 
w hich  is equa tion  (5 .1 3 ). F in a lly , fro m  equations (A .3 )  and (A .4 ), we have
(A .4 )
A ( z )  = — J  B(z )dz
196
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
2In
c  ( g - p ) v / ( \ 2 + p 2) ( \ 2 + q 2) 
F  < s i n - 1
== ^21A(A2 -f- g2)
' ( p - g ) ( p -  *z)
( p  +  g)  (P +  « )
+  - ( p - 9 ) ( A 2 +  / i2 ) F  
g
>£±1| 
p - g j
. ‘ ' s i n h " ‘  (?) ’ ?]
+ { q - p ) { h 2 - p 2) ( h 2 -  f/2)n
A
h 2q
2 p ( A 2 +  p 2 ) f l  i  s i n - 1
* ' s i n h "  (? )■£■
f ( p - g ) ( p -  t r )
( P  +  g ) ( p  +  * - )
-f 2 p ( A -  +  p2)n
w h ich  is e q u a tio n  (5 .14).
{ s in - 1 y ( p - q ) { p - i z )
( P +  g ) ( P + * - )
{p +  q ) ( p - t  A) p  +  g
’ ( P  -  g ) ( P +  ' A ) r p - g
( P  +  g ) ( p - 
’ ( P ~  g ) ( p
+  tA)  p  4-  g  1 \  
-  * A ) ! p  -  g  J y
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A p p en d ix  B
Derivation of Poisson’s Equation 
for A #
To derive  equation  (7.7) fo r  th e  vector p o te n tia l com ponen t A#,  we s ta r t w ith  A m p e re ’s 
law :
V  x  B  =  — J .  (B . l)
c
and s u b s titu te  B  =  V  x  A  w h ich  leads to
V  x  ( V  x  A )  =  - V 2A  =  — J ,
C
upon a p p ly in g  the C ou lom b gauge V  • A  =  0. T hus , fo r  th e  o  com ponen t, we have
[V 2A ] *  =  J+.  (B .2)
c
Since th e  u n it vectors in  spherica l coord ina tes are  fu n c tio n s  o f  pos ition , the  le f t  hand 
side o f  (B .2 ) is
[V 2 A ] *  =  V  .4^ 7^—^ Y a  ( B -3)r z s in  6
(See page 116 o f Morse and Feshback [1953]). S u b s t itu t in g  (B .3 ) in to  (B .2) yie lds
which is equ iva lent to
w hich is equa tion  (7 .7).
r -  sim  0 c
V 2 (A 0 Cosd>) =  —— J<f, cos cp, (B .4)
c
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A p p en d ix  C
Determination of The Shape 
Factor in Shafranov’s Equation
S h a fra n o v ’s expression fo r  the  e x te rn a l m agne tic  field, B s , needed to  m a in ta in  e q u ilib r iu m  
in  a th in ,  force-free f lu x  rope  is
r f ,  8h  3 h \  
e * =  +  (C 1 )
w here /£- is the  in te rn a l se lf-inductance  per u n it  length  o f  th e  fiu x -ro p e . T h is  inductance, 
w h ich  is associated w ith  th e  to ro id a l cu rren t d e n s ity  j : ( in  th e  c o o rd in a te  system  described 
in sec tion  7 .3 .2 ), depends on th e  shape-o f th e  cu rre n t d e n s ity  d is tr ib u t io n  inside the  f lu x
rope. In  m ost a p p lica tio n s  th e  cu rre n t d e n s ity  is assumed to  be u n ifo rm  inside the f lu x
rope w h ich  gives =  1 /2 . However, in  o u r case, the  c u rre n t dens ity  is prescribed by the  
Lundquist [1950] so lu tio n  (7 .19) fo r  which
j z =  -^-XBoJo(Xr).  (C .2 )
47r
A c c o rd in g  to  Shafranov [1966], the  general fo rm u la  fo r /,- is
c2 W~
'■ “ iS/f- <«>
w here




=  h J v * " '  (C 5 )
here the  vo lum e in te g ra l in  (C .5 ) is taken over the  whole vo lu m e  o f the  flu x -ro p e . S ubs ti­
tu t in g  (C .2) in to  (C .4 ) and (7.19) in to  (C .5) y ie lds
li =  1, (C .6 )
so, ( C . l )  becomes
=  ^ ( l n ^ - 1 ) -  ( C ' 7 )
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